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Abstract

Ternary (1.58-bit) language models are cheap to run,
but published methods train them with a full-precision
copy of every weight (master-weight) and Adam’s two
moments which is 12 bytes of training state per weight.
Ablating master-weight training one part at a time shows
what a ternary network needs from it. It needs an in-
tegrator of normalised gradient evidence with a memory
of about a thousand steps, which decides when a weight
changes, and an immediate change when the integral
crosses a threshold boundary. It needs neither a full-rank
first moment nor a per-weight second moment. From
these parts we build a master-free rule, two-timescale
threshold flips (TTF). The Adam-normalised gradient,
with a Adafactor-style factored second moment, feeds a
leaky accumulator kept at low rank, and a ternary weight
moves one level when its accumulated evidence crosses
a threshold, spending the threshold. TTF’s gap to mas-
ter weights is a smooth function of the size of its state
and closes at 0.57-0.70 numbers of state per weight from
110M to 2.9B parameters. At 110M, TTF leads master
given the same auxiliary float parameters by 0.044 nats
at 300M tokens, and at 1.3B and 2.9B it is level. The
lead does not come from the float parameters. Without
them TTF still leads master that has them, and with a
ternary embedding on both TTF and master, with only
scales and norm gains in float, its lead grows to 0.12. A
15M ternary model trained from scratch with TTF stays
0.11 nats behind its full-precision twin on FineWeb-Edu
from one to five times compute-optimal training. With
half a byte of state per weight, a 23B-parameter model
trains on one 16 GB GPU.

1 Introduction

Ternary weights {—1,0,1} take 1.58 bits each instead
of 16, about a tenth of the memory, and replace most
multiplications by additions [Ma et al., 2024]. Ternary
models trained from scratch with enough tokens ap-
proach full-precision models of the same size [Ma et al.,
2024, Kaushal et al., 2025]. Training them is expensive
in memory. Published recipes keep a full-precision la-
tent copy of each weight (the master weights), quantise
the latent-weight in the forward pass, passes the gradi-

ent straight through the quantiser [Bengio et al., 2013,
Courbariaux et al., 2015], and runs Adam on the la-
tent. The optimizer state is then three fp32 numbers per
weight (latent and two moments, 12 bytes), sixty times
the 0.2 bytes a packed trit occupies. The memory wall
that ternary weights remove at inference is still there in
training. It is there again when an existing full-precision
model is quantised to ternary weights and its accuracy
recovered by training, and the recovery needs about 16
bytes per weight, several times the memory of the model
it starts from.

This paper asks what the master copy does for a
ternary network, and whether a rule that keeps only that
part can train without it.

Approach. We ablate master-weight training one part
at a time (Section 3). The latent of a ternary weight
is a position inside a cell of the quantiser, and the trit
changes when the position crosses a cell boundary. Mas-
ter training needs a slow integrator (about a thousand
steps of memory) that decides when a weight changes,
and needs the change to happen the moment the bound-
ary is crossed. It needs neither a full-rank first moment
nor a per-weight second moment. We then build a rule
from exactly these parts without a latent copy: TTF
(Section 4). The integrator’s state is stored at low rank.
Written at full rank, TTF is close to a master latent with
a leak, a snap to the new cell and a factored, momentum-
free Adam (Section 4.2). The memory saving, and the
method’s claim, is the low-rank storage of the not-yet-
spent evidence while every spent move lands in the full-
rank trits.

What we find. TTF trains ternary language models
from scratch as well as or better than master weights
given the same auxiliary float parameters: 0.044 nats
ahead at 110M parameters and 300M tokens, 0.056
ahead at 600M tokens, 0.032 ahead at 340M, and level at
1.3B and 2.9B with the state sizes we could afford there.
Its result depends smoothly on one quantity, the size of
its state. At every size we trained, from 110M to 2.9B
parameters, it reaches master at 0.57-0.70 stored num-
bers per weight, about one byte at the 12-bit precision
the accumulator tolerates, against twelve bytes for mas-
ter. Below that, each halving of the state costs a fixed
amount, which gets smaller as model size grows. We



trace both facts to measured properties of the gradient.
A step spreads its energy evenly over octaves of direc-
tions, because the layers’ inputs do, while the part of the
gradient that persists over a thousand steps needs a rank
that grows almost in proportion to the width. Because
the trits move in discrete steps, TTF responds to the
learning-rate schedule differently from master. A decay-
ing step can freeze it, which an annealed leak prevents,
and late training becomes a phase of rare moves that are
each worth more than master’s. The ternary network
keeps pace with longer training. A 15M model trained
from scratch with TTF stays 0.11 nats behind full preci-
sion trained on the same tokens on FineWeb-Edu, at one,
two and five times compute-optimal (Section 6.4). The
same update also converts pretrained models to ternary
weights and keeps training them, which is the subject of
a companion paper.

Organisation. Section 2 defines the ternary layers,
the master-weight reference and the evaluation. Sec-
tion 3 ablates master training and Section 4 builds TTF
from what it needs. Sections 5-6 compare the two meth-
ods from 110M to 2.9B parameters, Section 7 measures
and explains the role of the state’s size, Section 8 the dy-
namics under the learning-rate schedule, Section 9 how
ternary networks trained from scratch differ from full
precision, Section 10 models without float parameters,
Section 11 memory and speed (the conversion of pre-
trained models is the companion paper’s subject), and
Section 13 what the change from a memory to a compute
bound means, including for misuse. Every mechanism we
built or tested is indexed with its result in Appendix G.
We also publish the code that reproduced all of the re-
sults below.

Contributions.

1. An ablation of master-weight training for ternary
networks that shows what the master copy provides,
a long integrator and immediate threshold crossing
(Section 3).

2. TTF, a master-free update whose only per-weight
state is the trit. Its optimizer state is a factored
second moment and a rank-r leaky accumulator,
r(N + K)+ N + K numbers per N x K layer (Sec-
tion 4).

3. The loss of TTF as a function of the size of its
state, at four model sizes. The trade-off is log-linear,
the same at 1.3B and 2.9B, and reaches master at
about 0.7 numbers per weight (Section 7). We add
per-layer adaptive rank and a rank schedule (Sec-
tion 7.1).

4. Comparisons at 110M, 340M, 1.3B and 2.9B param-
eters on Wikipedia and FineWeb-Edu against mas-
ter weights with exactly the same auxiliary float pa-
rameters, a momentum-free one-float master, and

a low-rank Adam straight-through baseline (Sec-
tions 5-6).

5. An account of how threshold-flip training responds
to the learning-rate schedule (Section 8): a freeze
under a decaying step and its fix, and a decompo-
sition of late-training progress into the number of
moves and the value of each move, for TTF and
master.

6. A float-free variant in which the embedding and
output head are ternary too (Section 10), and a
measured memory and speed budget, including a
micro-batch update that never forms a dense gradi-
ent (Section 11).

7. The ternary gap under longer training. A 15M
model trained from scratch with TTF stays a con-
stant 0.11 nats behind its full-precision twin from
one to five times compute-optimal training (Sec-
tion 6.4).

8. A comparison of ternary networks trained from
scratch with full precision at 110M: no massive acti-
vations, higher effective rank, separate but equally
good basins, and sharper minima in continuous di-
rections but not along the lattice (Section 9).

2 Background and setup

2.1 Ternary layers

A ternary linear layer holds trits T € {—1,0, 1}V*K,
packed five per byte (1.6 bits per weight). Its forward
pass is

y=ro(BT (cox)+P Q" (cow)),

with pp the share of nonzero trits (a variance-preserving
scale computed from the trits, not stored), learned row
and column scales r € RY, ¢ € R¥ | and a rank-16 addi-
tive float term PQT. Attention has a learned per-head
temperature. Activations are quantised to 8 bits per to-
ken (absmax) and the forward runs on int8 tensor cores.
We call r, ¢, P, @ and the temperatures the float extras.
With the token embedding (tied to the output head)
and the norm gains they form the float tail, trained by
AdamW in fp32 in every method, including master. Ta-
ble 1 lists what is float.

2.2 Master-weight training (the refer-
ence)

The reference is the BitNet b1.58 recipe [Ma et al., 2024]:
a float latent W per weight, absmean quantisation v =
mean|W|, W, = « clip(round(W/7v), —1, 1), the straight-
through gradient OL/0W := OL/0W,, and AdamW (our
settings: 8 = (0.9,0.95), weight decay 0.1, global clip



Table 1: What is ternary and what is float in the deployed model (parameters). The master reference has the same
float parts. Section 10 removes the extras and makes the embedding ternary.

110M 2.9B
ternary linear layers (q, k, v, o, gate, up, down) 84.9M 2819M
token embedding = output head (float) 24.6M  98.3M
rank-16 additive term PQT (float) 2.80M  24.3M
row and column scales (float) 0.18M 1.52M
norm gains, attention temperatures (float) 0.02M  0.18M
float share of parameters 25% 4.2%

1.0). The network that is evaluated is exactly ternary.
Master + extras has the same float extras as TTF and
is the fair reference throughout.

2.3 Models, data, training

Llama-style decoder-only transformers with a 32k tok-
enizer (Table 2): 110M (width 768, 12 layers), 340M
(1024, 24), 1.3B (2048, 24) and 2.9B (3072, 28, grouped-
query attention with 8 KV heads). Data: English
Wikipedia (an article-level split) for 110M-1.3B, and
FineWeb-Edu [Penedo et al., 2024] for 2.9B and for the
longer-budget runs. Every run uses batches of 16 x 2048
tokens (32,768 per step), 9155 steps (300M tokens) un-
less noted, 305 warmup steps and a cosine schedule from
the peak learning rate to a tenth of it.

2.4 Evaluation

Each model is scored on all 974 non-overlapping 2048-
token windows of the Wikipedia validation set and on
2000 windows of FineWeb-Edu validation, which was
never used for any choice. Differences are reported with a
paired bootstrap over windows (95% intervals) and over
seeds where we have them. Models rebuilt from their
checkpoints reproduce their logged final loss to within
10~%. The validation loss logged during training draws
its windows with the run’s seed, so training-time num-
bers are compared only within a seed (Appendix B).

3 What master weights provide

For one weight, the master latent is a position inside
a cell of width . The trit is the cell’s label, and it
changes when the latent crosses a boundary. Adam
moves the latent by a normalised step every iteration.
Master training therefore does three things at once. It
smooths the gradient (the first moment), integrates the
smoothed steps over a long horizon (the latent’s posi-
tion), and changes the trit the instant the integral crosses
a boundary, keeping the overshoot. We remove or alter
one ingredient at a time, each run from scratch at 110M
(Table 3).

The integrator matters, and its memory can be
finite. When the latent forgets its in-cell offset with a
time constant of 1000 steps, the loss does not get worse
(2.730 against 2.751). With 300 steps it rises by 0.10.
A ternary weight needs roughly a thousand steps of evi-
dence before it moves, and no more than that. Because
the evidence may decay, TTF can store it compactly.

Crossing must act at once. If the trit follows its
latent only with probability 0.02 per step, the loss rises
by 0.77, more than for any other change we made. The
latent’s position is useful only when a crossing takes ef-
fect at once. Resetting the latent to the centre of its
new cell after a change, which we call the snap, costs
master 0.07. TTF’s spend is a close relative of the snap.
It subtracts the threshold and keeps any excess, whereas
the snap sets the offset to zero. Without momentum the
snap helps (lower blocks of the table).

Neither a full-rank first moment nor a per-weight
second moment is needed. Keeping the first mo-
ment at rank 512 costs 0.02, and factoring the second
moment into a row and a column statistic leaves it un-
changed (2.751 against 2.751). A first moment with a
very long memory (81 = 0.997) cannot stand in for the
latent’s integral and costs 0.49. Of Adam’s state we need
only the normalisation and the integral.

One float per weight is enough, given the leak
and the snap. Dropping momentum from the fac-
tored master leaves one float per weight, the latent, and
costs 0.065. Adding the leak brings it back to master
+ extras (2.735 against 2.732). Adding the snap as well
gives 2.678, which is 0.054 ahead and close to full-rank
TTF.

Whether the snap helps depends on momentum. On
the plain Adam master, dropping momentum costs
0.075. The snap then gains 0.106 and ends 0.031 ahead of
master with momentum, although with momentum the
same snap costs 0.072. Zeroing Adam’s first moment
only at the weights whose trit changed recovers 0.016 of
that cost. With momentum, the overshoot that the snap
discards is carried in the momentum of every weight, not
just of the weights that moved. Without momentum, the



Table 2: Models. Ternary parameters are the linear layers; the rest is the float tail and extras. Counts are of the
modules (with grouped-query attention, k and v are narrower than q).

width layers heads (KV

110M 768
340M 1024
1.3B 2048
2.9B 3072

23.0B (memory; 500 steps) 5120

) parameters ternary
12 12 (12) 109.6M 84.9M
24 16 (16) 341.4M  308.3M
24 16 (16) 1299M  1233M
28 24 (8) 2918M  2819M
83 40 (8) 23.0B  22.85B

Table 3: Master-weight training with one ingredient changed (110M, 300M tokens of Wikipedia; training-time
validation loss, same seed and batches; fixed-window Wikipedia / FineWeb-Edu where we evaluated them). Master:
2.751. The middle block removes momentum from the plain master. The lower block is the one-float master of
Section 4.2 (master + extras, factored second moment, no momentum; its reference is master + extras, 2.732, fixed

windows 2.7166 / 3.6830).

change what it tests final fixed windows
second moment factored (row x column) per-weight normalisation 2.751
first moment at rank 512 full-rank direction 2.771
update only where the batch gradient agrees with m gating 2.733
leak of the in-cell offset, 7 = 1000 integrator memory 1000 2.730
leak of the in-cell offset, 7 = 300 integrator memory 300 2.848
latent snapped to the cell centre after a change keeping the overshoot 2.823

the same, Adam’s m zeroed where the trit changed
long first moment (8; = 0.997, B3 = 0.999)

where the overshoot is carried 2.807 2.7880 / 3.7636
smoothing in place of integrating 3.245

trit follows its latent with probability 0.02 per step immediate crossing 3.521

no momentum (3; ~ 0) 2.826  2.8089 / 3.7983
+ snap the snap without momentum 2.720 2.7027 / 3.6648

factored v, no momentum (1 float per weight) the one-float master 2.797 2.7783 / 3.7586

+ leak 7 = 1000

2.735 2.7170 / 3.6816

+ leak + snap (full-rank TTF’s structure, up to the excess kept at a move) 2.678 2.6594 / 3.6070

snap removes only evidence that has already been spent.
Full-rank TTF is this one-float master, except that a
move keeps the evidence beyond the threshold. To get
from master to TTF we drop momentum and add the
leak and the snap.

4 Two-timescale threshold flips

4.1 The scalar rule

For one weight with trit ¢ € {—1,0,1} and gradient g,
TTF keeps one number, the accumulator A (the sub-
threshold evidence since the last move):

v Bov+ (1= B2)g?, (2)

w=— g , (3)
Vo/(1—B5)+e

A<—(1—§)A+asu, (4)

and if |A| > 6 and |t + sign A| < 1:
t <t +sign A, A<+ A—0signA. (5)

as is the step scale at step s, 7 the leak’s time constant,
0 the threshold. A is the latent’s position within its cell

in units of normalised steps, and 6 is the distance to the
boundary. Spending 6 on a move takes the position to
the new cell’s centre plus whatever evidence lay beyond
the threshold. The leak is the finite memory that the
master ablation found harmless. There is no learning
rate in the trit update: a, is dimensionless and the move
size is one level.

4.2 Full rank: TTF is a master latent
with three changes

Write the master latent as W = (¢t + A/©) for a weight
in cell t. With A stored densely, the scalar rule is master
training with (i) the latent’s in-cell offset leaking towards
the cell centre, (ii) the latent snapped to the new cell’s
centre when the trit changes (the rule keeps the evidence
beyond 6, which the snap discards, and the two agree
when an entry crosses with no excess), and (iii) Adam
replaced by its factored, momentum-free form (Adafac-
tor with 81 = 0, Shazeer and Stern, 2018). Each of these
is in Table 3, and together they keep one float of state per
weight (the offset) instead of three. The one-float master
rows of Table 3 measure this directly. Built from master
+ extras, the three changes together end at 2.6594 on
Wikipedia fixed windows, against 2.7166 for master +



extras and 2.6480 for full-rank TTF (p = 0.75, annealed
leak). Without the leak and the snap, the momentum-
free master is 0.06 worse than master. Full-rank TTF
keeps the factors at rank min(N, K) with the orthonor-
mal basis V on the input side. The factors then hold
A exactly, and so does the spend in layers with at least
as many outputs as inputs. In the MLP’s down pro-
jection, which has more inputs than outputs, V is not
square and the part of each spend outside it is dropped.
Against a dense accumulator fed the same steps and
moves, we measured [|[UV T — A||/||A|| = 0.5 in that layer
and 2 x 107% in the others. Full-rank TTF is therefore
the dense rule up to that projected spend. What TTF
adds is the way the offset is stored. It is kept at low
rank (next section), while the spent moves land in the
full-rank trits.

4.3 Low-rank state

For an N x K layer TTF keeps:

e Factored second moment: row and column
EMAs of g%, v;; = R;C; /R, with Adam’s decay and
bias correction (82 = 0.95). N + K numbers.

e Low-rank accumulator A ~ UV, U € RV*",
V € REX" kept at rank r by one step of subspace
iteration per update. With the full-rank target A =
(1= X/T)UVT + a,u,

V' = orth(ATU), U =AvV', (6)
computed with thin GEMMs and a QR, never form-
ing more than one layer’s dense N x K temporary.

e Firing and spending, one layer at a time on the
dense reconstruction A = UV '. A trit moves one
level towards the sign of its evidence when that ev-
idence reaches the threshold and the move keeps it
in {-1,0,1}: D = sign(4) © 1[|A| > 0] © 1[|IT +
sign A| < 1], T <- T + D. Each move spends 0 of
evidence, A + A — 6D, applied to the factors as
U+ U—0DV (exact when V is square; otherwise
the part outside the span of V' is dropped).

The update runs inside each layer’s backward pass, so
only one layer’s gradient exists at a time.

State per weight. r(N + K) + N + K numbers per
layer is 7(1/N +1/K) per weight, so for a square matrix,
rank r = N/2 is one number per weight. Table 4 gives
the state of the configurations in the main tables, and
Section 7 measures what it buys. The accumulator tol-
erates 12-bit storage (Section 11), so a number of state
is 1.5 bytes.

Why low rank does not cap the change. The ac-
cumulator holds only the evidence since each weight’s
last move. The moves are written into the trits, which

Algorithm 1 TTF update for one ternary layer (inside
its backward pass)

Require: trits T, factors U,V, row/column moments

R, C, gradient g, step scale a, leak factor A

1: R« BaR+ (1 — f32) rowmean(g?); C «+ ($C + (1 —
B2) colmean(g?)

2 u - —g/ VRCTJRJ(1— B5)
only

3. A« (1=\/7)UVT +awu v applied in factored form

4V« orth(ATU); U« AV

5: A« UVT; D + sign(4) © 1[|4] > 0] @ 1[|T +
sign A| < 1]

6: T« T+D; U«~U-6DV

> dense, this layer

are full rank, so over training the cumulative change of
the trits is not confined to rank r. At 110M with a rank-
128 accumulator, 23% of the trits change between steps
3000 and 6000. The change D = Tgo00 — T3000 has a par-
ticipation rank (3}, s7)%/ ", s} of 370 (298-317 of 768
in attention, 448-452 in the feed-forward layers), and its
top 128 singular directions hold 50% of || D|?. The same
entries shuffled, with no structure at all, give a partici-
pation rank of 458 and 41% in the top 128. The change
that TTF makes through a rank-128 state is therefore
spread almost as widely as noise, at three times the rank
of the state. This holds late in training, when moves
are rare (steps 6000-9000, 5.5% of the trits change, par-
ticipation rank 370 against 452 shuffled), and over the
whole span (steps 3000-9000, 25%, 369 against 458). In
a low-rank latent (Section 6.2), by contrast, the total
change from initialisation is confined to rank r.

4.4 Coupling to the learning-rate sched-
ule

The float tail follows a cosine learning rate, and TTF’s
step scale follows it through ps = Irs/Irpeak: as = p?.
The leak either stays constant (A; = 1) or is annealed
with the step (As = as, memory 7/as steps). Section 8
explains why both choices matter. The final recipe is
p = 0.75 with the annealed leak. The 2.9B runs and the
1.3B runs at ranks 512 and 1024 use p = 0.5, also with
the annealed leak.

4.5 Design choices and their evidence

We chose each setting of TTF by changing it alone at
110M, rank 512, from scratch (Table 5). Each choice
agrees with the master ablation. The threshold 8 = 16
is about half a cell of master’s latent at the peak learning
rate, and 8 and 24 are worse. The leak’s time constant
7 = 1000 matches the thousand-step memory that the
ablation found sufficient (7 = 300 ends at 2.805 and
7 = 3000 at 2.727, against 2.690). Each move spends 6,
which puts the weight’s evidence at the centre of its new
cell plus any excess beyond . Spending nothing costs



Table 4: Optimizer state per ternary weight (accumulator factors + factored second moment, all ternary matrices).
Master keeps 3 fp32 numbers per weight (12 bytes); the one-float master 1 (4 bytes).

model rank rank / width numbers per weight bytes at 12 bits
110M 64 /128 / 192 / 256 / 384 / 512 / 768 0.08-1 0.13 /0.27 / 0.40 / 0.53 / 0.79 / 1.06 / 1.59 0.2-24
340M 64 / 128 / 256 / 512 / 1024 0.06-1 0.10 / 0.20 / 0.39 / 0.79 / 1.57 0.15-2.4
1.3B 128 / 256 / 512 / 1024 / 2048 0.06-1 0.10 / 0.20 / 0.39 / 0.79 / 1.57 0.15-2.4
2.9B 512 / 1024 / 1536 0.17-0.5 0.28 / 0.55 / 0.79 0.4-1.2

0.085, because a weight that has crossed keeps firing, and
spending 26 costs 0.06. An earlier version smoothed the
gradient with a rank-r momentum before normalising it.
Removing that momentum lowers the loss by 0.017 and
halves the state, since the accumulator already averages.
Section 8 explains the step exponent p and the annealed
leak. Appendix E lists every other setting and mecha-
nism we tried, and Appendix D the two earlier latent-
free rules (stochastic flips from the gradient and from a
low-rank momentum) and what we tried on them.

5 Baselines

The main reference is master-weight training as in Bit-
Net b1.58, with its learning rate tuned at each size. At
110M the peak rates 7.5e-4, 1.5e-3, 3e-3 and 6e-3 give
2.761, 2.734, 2.797 and divergence. At 340M 1le-3 beats
1.5e-3, at 1.3B 5e-4 beats 7.5e-4, and at 2.9B 4e-4 beats
2.5e-4. A BitNet-style two-stage schedule gave master no
gain at 110M (2.758 against 2.751). Because the float ex-
tras help either method by about 0.02, every comparison
is against master + extras, the same recipe with exactly
TTF’s float extras. Three further baselines isolate parts
of the argument. The one-float master (Section 4.2) is
master 4+ extras with a factored second moment and no
momentum, alone, with the leak, and with the leak and
the snap. Up to the excess that a move keeps, it is full-
rank TTF written as a latent. The low-rank Adam STE
(Section 6.2) keeps as many optimizer numbers as TTF
but puts the low rank in the latent. Its weights are a
frozen random initialisation plus a trained rank-r term
BAT, quantised by absmean with the straight-through
gradient and trained by AdamW with the same extras.
Ternary Bop, our ternary version of Bop [Helwegen et
al., 2019], flips a weight when a per-weight gradient EMA
crosses a threshold, so it is an integrator with a single
timescale.

6 Results

6.1 110M

At 110M (Table 6) TTF at rank 512 is 0.044-0.047 below
master + extras on Wikipedia, and 0.060-0.064 below it
on FineWeb-Edu, which we never used for tuning. Seeds
differ by 0.002-0.0035 for every method.

Longer training (FineWeb-Edu, 600M tokens).
We trained each method for 18310 steps on fresh
FineWeb-Edu data, with no repeats and its own cosine
schedule (Table 7). TTEF’s lead over master + extras
grows to 0.056 on FineWeb-Edu, larger than at 300M
tokens, and TTF is ahead at every 2000-step checkpoint.

Warmup-stable-decay. WSD keeps the peak learn-
ing rate until 80% of training and decays it over the last
20% [Hu et al., 2024, Hégele et al., 2024]. With decay
branches at 4578, 9155 and 18310 steps, TTF leads by
0.021 at the shortest budget and by 0.002 at 9155 steps,
and trails by 0.007 at 18310. The two methods want dif-
ferent schedules. Master gains 0.010 from WSD over its
cosine, while TTF loses 0.054, so each at its better sched-
ule TTF leads by 0.046. From scratch on Wikipedia at
300M tokens the pattern is the same. WSD helps mas-
ter by 0.018 and costs TTF 0.035, and each at its better
schedule TTF leads by 0.025. With the decay over the
last 50% instead of 20%, TTF ends level with its cosine
and 0.029 ahead of master’s WSD. A long decay is all
TTF needs from the schedule.

TTF’s late gain comes from a long phase of small steps
in which moves are rare and each move is worth more
(Section 8.2). A decay over the last 20% shortens that
phase, and the moves that TTF did not make during the
stable phase are not made up in the decay. The move
diagnostics of the 300M-token runs show this (Figure 1).
Under the cosine, TTF’s moves per step fall from 62k
(steps 1000-3000) to 4.9k (steps 7000-9155), and the
share of moves that undo the net change of the last 1000
steps falls from 0.33 to 0.02. Under WSD they stay near
64k per step with 0.38 undone through the stable phase.
Over the 1800-step decay they average 48k with 0.34 un-
done, and they reach the cosine’s rate only in the last
few hundred steps. WSD therefore leaves TTF almost
no time in the regime of rare moves that are not un-
done, where the cosine spends its last 3000 steps. Mas-
ter’s moves are undone at a rate of 0.48-0.49 under both
schedules, from start to end. Its trits jitter around the
boundaries whatever the step, so the schedule acts on
master through the float latent rather than through how
often its trits move.

Continued training. We re-warmed a decayed 9155-
step Wikipedia model to the peak learning rate over 305
steps and trained it to 18310 steps on FineWeb-Edu.



Table 5: TTF design choices (110M, rank 512, training-time; one setting changed from the default).

setting final
default (no momentum, 16, 7 1000, p 0.5, constant leak, spend ) 2.690
p = 0.75 + annealed leak (final recipe) 2.691
with a rank-512 short momentum 2.707
0=38 /24 2.735 / 2.810
7 =300 / 3000 2.805 / 2.727
spend 0 / 26 2.775 / +0.06

step exponent p =1 / 0.75 / 0.25, constant leak

2.715 / 2.694 / 2.766

no flips (float tail and extras only) 3.173

Table 6: 110M, 300M tokens of Wikipedia, fixed windows (Wikipedia / FineWeb-Edu). A against master + extras.

method (seeds) Wikipedia FineWeb-Edu A
master (3) 2.736 3.707 +0.019
master + extras (2) 2.7166 3.6830 0
low-rank Adam STE, rank 512 (best Ir) 2.8867 3.8678  +0.170 / +0.185
ternary Bop (best 7) 3.0897 - +0.37
TTF, rank 512, p = 0.5 (2) 2.6700 3.6192  —0.047 / —0.064
TTF, rank 512, p = 0.75 + annealed leak 2.6728 3.6226 —0.044 / —0.060

seed 2 2.6671 3.6168  —0.050 / —0.066

no float extras 2.6907 3.6435 —0.026 / —0.040
one-float master + leak + snap 2.6594 3.6070 —0.057 / —0.076
TTF, full rank, p = 0.5 2.6470 - —0.070
TTF, full rank, p = 0.75 + annealed leak 2.6480 3.5976  —0.069 / —0.085

T training-time.

Table 7: Longer training and other schedules at 110M (rank 512, fixed windows). Master is master + extras. The
WSD runs at 4578-18310 steps are decay branches of one trunk. The continued run re-warms the decayed 9155-step
Wikipedia model and trains it to 18310 steps on FineWeb-Edu.

FineWeb-Edu Wikipedia
setting TTF master TTF master
from scratch on Fine Web-Edu,
cosine, 18310 steps (600M tokens) 3.0423 3.0982 3.2988  3.3152

TTF with p=0.5 3.0616 3.3058
WSD, 4578 steps 3.3676  3.3881 3.5754  3.5908
WSD, 9155 steps 3.2126  3.2150 3.4210 3.4334
WSD, 18310 steps 3.0958 3.0884 3.3172 3.3083
from scratch on Wikipedia, 9155 steps
cosine 3.6226  3.6830 2.6728 2.7166
WSD, decay over the last 20% 3.6482 3.6569 2.7081 2.6982
WSD, decay over the last 50% 3.6118 2.6694

continued training
Wikipedia 9155 steps, then FineWeb-Edu to 18310 3.0898  3.1220 3.2670  3.2415

TTF ends 0.032 ahead of master on the new data and 6.2 Is TTF a low-rank Adam with a

0.026 behind it on the old data (Table 7). TTF moves straight-through estimator?
further towards the new distribution and keeps less of o
the old one. Both keep O(r(N + K)) optimizer numbers per layer

and both read the gradient through the ternary forward.
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Figure 1: Trit moves under cosine and WSD (110M, 9155
steps, rank 512). Left: moves per step (share of weights).
Right: share of moves that undo the net change of the
last ~1000 steps. TTF under WSD keeps moving and
undoing at the peak step until the decay, which is too
short to reach the cosine’s late regime; master’s moves
are half undone under both.

In the low-rank STE the latent is low rank, so every
change the network can make to a layer lies in a rank-r
subspace around a fixed random initialisation. In TTF
the low-rank object is only the evidence since the last
move. A move is written into the full-rank trits and the
evidence is spent. At rank 512, the low-rank STE at its
best learning rate (5e-4) ends at 2.8867, which is 0.21
behind TTF (Table 6). Higher learning rates are worse
or diverge.

6.3 Scale

TTF leads master + extras by 0.044 at 110M and by
0.032 at 340M at rank 512 (0.071 at full rank). At 1.3B
and 2.9B it is level when the state is about 0.8 numbers
per weight, and behind at about half that (Table 8). A
different schedule does not make up for the rank. At 1.3B
and rank 512 the final recipe (p = 0.75, annealed leak)
ends where p = 0.5 does (—0.001). With a second seed
of both 1.3B arms, TTF at rank 1024 leads by 0.010 over
the two seeds. TTF’s seeds differ by 0.009 and master’s
by 0.001, and each TTF seed is ahead of each master
seed on both sets.

6.4 Training length

The budgets above are far below compute-optimal for
340M and larger. To see whether the ternary gap grows
as training gets longer, we trained a 15M model (14.6M
parameters, width 256, 8 blocks, tied 32k embedding)
from scratch in full precision and with TTF on the same
2.0B-token FineWeb-Edu stream. Training windows are
sampled at random, so the longest budget draws 1.5B to-
kens and sees about half of the stream’s windows. Each
method ran once at a constant learning rate (the stable
phase of a warmup-stable-decay schedule). Branches
taken at 90% of each budget cooled down to the min-
imum learning rate at 300M, 600M and 1.5B tokens,
which is 1, 2 and 5 times the compute-optimal 20 to-
kens per parameter [Hoffmann et al., 2022], counting all
parameters. TTF uses the scratch recipe (§ = 16, full

rank at this width, row and column scales and rank-
16 float adapters), full precision the same learning rate
(1.5e-3) without them. Every branch end is scored on
the same fixed windows (Table 9). From 300M to 1.5B
tokens full precision gains 0.172 and TTF 0.175, so the
gap on FineWeb-Edu stays at 0.11. On Wikipedia it
grows from 0.075 to 0.095 and then holds. Over this
range, the gap between a ternary network and its full-
precision twin trained on the same tokens does not grow
with training. The test covers one size, one run per point
and one learning rate for both precisions, so we do not
extrapolate the flat gap beyond this range.

7 The size of the state

The size of TTF’s state is set by the rank of its accumu-
lators.

One curve across sizes. Figure 2 plots TTF minus
master against the numbers of state per weight. At 1.3B
(Wikipedia) and 2.9B (FineWeb-Edu) the four points lie
on one line,

A =~ —0.014 — 0.027 log, (numbers per weight), (7)

with a residual of 0.0005 on fixed windows. Fitted sep-
arately, the slope is —0.0270 per doubling at 1.3B and
—0.0271 at 2.9B, with break-even at 0.68 and 0.70. Each
doubling of the state is worth 0.027, and TTF reaches
master at about 0.70 numbers per weight. That is 1.05
bytes at 12 bits, against 12 bytes for master and 4 for
the one-float master.

At 110M we trained seven ranks on the final recipe,
from 64 to full (Table 10). This curve is steeper and
bent. It falls by about 0.10 per doubling below half a
number per weight, 0.07 around one and 0.04 above it
(a quadratic in log, fits to 0.004). It crosses master at
0.67 numbers per weight, close to where the 1.3B and
2.9B lines cross (Figure 2).

Where the sizes agree, and where they do not.
The break-even state is about the same at all four sizes:
0.67 numbers per weight at 110M, 0.57 at 340M (between
ranks 256 and 512), 0.68 at 1.3B and 0.70 at 2.9B. That
is a rank of 0.36-0.45 of the width. A model needs about
this share of state to match master, whatever its size.
The cost of going below it differs. At 0.39-0.40 numbers
per weight, 110M trails master by 0.061, 340M by 0.037
and 1.3B by 0.022. Between 0.4 and 0.8 numbers per
weight, 110M gains 0.08 per doubling, 340M 0.07, and
1.3B and 2.9B 0.027. Below 0.4 the 1.3B curve steepens
too (0.066 from 0.20 to 0.39). Above break-even the
smaller models also gain more. At full rank TTF leads
by 0.069 at 110M, 0.071 at 340M and 0.051 at 1.3B. The
larger models’ gap is flatter on both sides, with less to
lose from a small state and less to win from a large one.



Table 8: Scale (fixed windows; Wikipedia / FineWeb-Edu). Master + extras at its best learning rate. 1.3B and 2.9B

TTF use p = 0.5; 340M rank runs use the final recipe.

size method (numbers of state per weight) Wikipedia FineWeb-Edu A
340M master + extras (Ir 1e-3, 2 seeds) 2.5878 3.5458
TTF with momentum, rank 512 (2 seeds) 2.5770 3.5251 —0.011 / —0.021
TTF, rank 64 (0.10) 2.8142 3.7961 +0.226 / +0.250
TTF, rank 128 (0.20) 2.7175 3.6858 +0.130 / +0.140
TTF, rank 256 (0.39) 2.6246 3.5800 +0.037 / +0.034
TTF, rank 512 (0.79) 2.5563 3.5039 —0.032 / —0.042
TTF, full rank 1024 (1.57) 2.5167 3.4584 —0.071 / —0.087
1.3B master + extras (Ir 5e-4) 2.4796 3.4344
TTF, rank 128 (0.10), p = 0.75 + annealed leak 2.6464 3.6169 +0.167 / +0.183
TTF, rank 256 (0.20), p = 0.75 + annealed leak 2.5654 3.5226 +0.086 / +0.088
TTF, rank 512 (0.39) 2.5012 3.4415 +0.022 / 4+0.007
TTF, rank 1024 (0.79) 2.4742 3.4153 —0.005 / —0.019
seed 2 (master seed 2: 2.4807 / 3.4374) 2.4656 3.4031 —0.014 / —0.031
TTF, full rank 2048 (1.57), p = 0.75 + anncaled leak ~ 2.4289 3.3654 —0.051 / —0.069
TTF, rank 512, p = 0.75 + annealed leak 2.4999 3.4463 +0.020 / +0.012
2.9B (FineWeb-Edu) master (Ir 4e-4) 3.1220 2.8911
TTF, rank 1024 (0.55) 3.1391 2.9005 +0.017 / 4+0.009
TTF, rank 1536 (0.79) 3.1243 2.8867 +0.002 / —0.004
TTF, rank 512 (0.28), steps 1000 / 2000 3.998 / 3.617 —0.028 / +0.007

¥ training-time validation at matched steps (run stopped at the end of the booking); rank 1024 / 1536 / master: 3.956 / 3.944 / 4.026 at 1000, 3.577 / 3.568 / 3.610 at 2000.

Table 9: Training length and the ternary gap: a 15M
model trained from scratch in full precision and with
TTF (the scratch recipe, # = 16) on the same FineWeb-
Edu stream, cooldown branches at 1, 2 and 5 times
compute-optimal (20 tokens per parameter). Fixed win-
dows: the first 2000 of FineWeb-Edu validation (the
scores shown), the 974 of Wikipedia validation.

tokens (per parameter) full precision TTF gap FineWeb-Edu gap Wikipedia

300M (21) 3.4949  3.6097 +0.115 —+0.075
600M (41) 3.4057  3.5145 +0.109 +0.095
1.5B (103) 3.3232  3.4346 +0.111 +0.093

Table 10: 110M rank sweep on the final recipe (fixed
windows, Wikipedia; master + extras 2.7166, two seeds).

rank numbers per weight Wikipedia A

64 0.13 2.9458 +40.229

128 0.27 2.8410 +40.124

192 0.40 2.7774  40.061

256 0.53 2.7389  40.022

384 0.79 2.6975 —0.019

512 1.06 2.6728 —0.044

768 (full) 1.59 2.6480 —0.069

A share of the weights, or a rank? For the 1.3B
and 2.9B models the state per weight is proportional
to rank / width, because the shapes are alike, so these
points alone cannot tell whether the rank needed scales
with width. Three comparisons can. First, a fixed rank
that leads master at one width trails it at another. At
rank 1024 the gap is —0.071 at 340M (width 1024),
—0.005 at 1.3B (2048) and +0.009 at 2.9B (3072). At
rank 512 it is —0.044 at 110M, —0.032 at 340M and
+0.022 at 1.3B. Second, at a fixed share the sign of the
gap is the same at every size, and its size shrinks with the

Table 11: Cost of halving the rank: the loss difference
between neighbouring ranks (fixed windows, Wikipedia).
1.3B: the final recipe up to rank 512, p = 0.5 for 512 —
1024. 2.9B: FineWeb-Edu, the 1024 — 1536 step (0.014)
scaled to a full halving.

ranks 110M 340M 1.3B 2.9B
64 — 128 0.105 0.097

128 — 256 0.102 0.093 0.081

256 — 512 0.066 0.068 0.066

512 — 1024 0.040* 0.027

1024 — 1536 0.024
first halving below full rank 0.050 0.040 0.045

full rank against master —-0.069 —0.071 —0.051

* ends at full rank.

model. At 0.79 numbers per weight the gap is —0.019,
—0.032, —0.005 and —0.004 at 110M, 340M, 1.3B and
2.9B, and at 0.39-0.40 it is +0.061, +0.037 and +0.022.
Third, a halving of the rank costs the same at 110M and
340M at the same absolute rank, and the same again at
1.3B for 256 — 512 at twice the width (Table 11). It
does not cost the same at the same share. A fit over all
sizes and ranks, L = Lo, +c (w/768)9°(r~* —w™?), puts
the width exponent at g = —0.67 (68% interval —0.8 to
—0.6). The state that keeps the rank cost fixed therefore
grows more slowly than the weights.

Both readings hold because the full-rank lead over
master shrinks with size. The rank sets the loss that
a given rank costs, and the share sets the rank at which
TTF meets master. The cost per halving falls with the
rank, and at a fixed share it falls with the size, down to
0.027 between ranks 512 and 1024 at 1.3B and 0.024 per
halving between 1024 and 1536 at 2.9B. The state does
not have to grow with the weights to keep its cost.



Table 12: Gradient spectra at step 4000 (Wikipedia; 2.9B on FineWeb-Edu). Top: share of a step’s normalised
energy kept by the top-r subspace of the mean gradient. Middle: share dropped by halving the rank from r, the real
step against the covariance model. Bottom: energy of the gradient that persists over 1000 steps, left outside ranks

of 1/8,1/4 and 1/2 of the width.

kept at rank r

T 64 128 256 512 1024
110M 0.44 0.59 0.76 0.92

340M, earlier recipe 0.43 0.58 0.74 0.89

340M, final recipe 0.38 0.54 0.70 0.87

1.3B 0.34 0.48 0.64 0.79 0.91
2.9B 0.31 0.45 0.61 0.76 0.88
dropped by halving from r, real / model

r 16 32 64 128 256
110M 0.137 / 0.144 0.156 / 0.169 0.147 / 0.163 0.113 / 0.126  0.061 / 0.066
340M 0.129 / 0.131 0.158 / 0.163 0.163 / 0.169 0.137 / 0.143 0.083 / 0.086
persistent energy outside a share of the width

share 1/8 1/4 1/2

340M 0.279 0.127 0.032

1.3B 0.200 0.081 0.018

2.9B 0.166 0.062 0.015

Why a halving costs what it does. At step 4000
of the 110M, 340M and 1.3B runs (Wikipedia, and at
1.3B every fourth ternary layer) we measured each layer’s
normalised gradient u = g¢/y/v, with the checkpoint’s
factored v, for single training batches, and its mean over
192 micro-batches of 4 sequences. Four measurements
together account for the cost of a halving.

A step spreads its energy evenly over octaves of di-
rections. Fach halving of the rank drops 0.14-0.17 of a
step’s |lul|? (Table 12, top), at every width and at every
rank up to half the width. Singular values whose squares
fall as 1/k would do exactly this.

The dropped energy is worth less at higher rank, the
same at every width. Dividing the cost of a halving by
the energy it drops gives 0.58-0.67 between ranks 64
and 256 (110M, 340M), 0.41-0.47 between 256 and 512
(110M, 340M, 1.3B) and 0.22 between 512 and 1024 at
1.3B. The cost of a halving is the product of the two fac-
tors, for example 0.15 x 0.44 ~ 0.066 between ranks 256
and 512, and neither factor depends on the width. This
is why the cost follows the absolute rank. We measured
both factors rather than derived them, and both belong
to the data at 32k tokens per step. The batch sets a
step’s spectrum and could change them, but in our tests
it does not (Appendix E).

A small state holds the part of the gradient that lasts.
The energy of the mean gradient that is consistent across
independent batches (cross products of thirds) lies 4.9%,
4.2% and 8.9% outside rank 128 at 110M, 340M and
1.3B, and 0.2%, 0.3% and 1.5% outside rank 512. Legal
moves chosen from its rank-r truncation (the top 0.1% or
1% by size) and scored on independent batches gain as
much as the full-rank choice, and 2-7% more at ranks 32—
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128, because truncation removes selection noise. What
a small state loses is therefore not this direction. It loses
the part of each step that is real and short-lived. The
mean gradient turns within the accumulator’s memory
(cosine 0.3-0.5 between steps 4000 and 5000 at 1.3B, de-
pending on depth, and 0.25-0.65 at 2.9B), and a full-rank
accumulator integrates every entry’s share of it. The
moves in Appendix E agree. Low-rank moves land on
different entries, and matching the full-rank move count
does not improve the loss. So do the changes that failed
there. A shorter memory (7 = 300 at rank 128, +0.060)
forgets the lasting part sooner, and neither a basis refresh
nor a sketch can hold an evenly spread step in fewer di-
rections. Only feeding the discarded part back densely
helped.

Low rank also makes fewer moves. Over steps 1500—
2500 at 110M the moves per step are 0.015%, 0.047%,
0.067% and 0.086% of the weights at ranks 64, 256, 512
and full, and 58%, 21%, 14% and 13% of the weights
never move. At 340M, ranks 64, 128 and 512 make
0.013%, 0.023% and 0.058%.

Why break-even falls at a share. Full-rank TTF
leads master by about the same amount at every size,
and the first halving below full rank costs about as much
(Table 11, lower block). At every size TTF therefore
reaches master about one halving below full rank, and
a halving is defined by the width. Break-even sits at a
share of the width because both the lead and the cost
of the first halving are roughly constant in loss across
sizes. That first halving costs more than the absolute-
rank trend predicts. At 1.3B, 2048 — 1024 costs 0.045
against 0.027 for 1024 — 512, and at 340M 1024 — 512



costs 0.040 against 0.027 at 1.3B.

This is not a premium for having no projection at all.
At 340M, after a third of the training, ranks 512, 896 and
1024 end at 2.9215, 2.8869 and 2.8787. Rank 896 is 0.19
halvings below full and 0.0082 behind it, where a straight
line in logr between 512 and full puts it (0.0083). At
110M, rank 704 likewise sits on the trend (3.0128, against
3.0339 at 512 and 3.0107 at full), and spending exactly
at the moved entries recovers none of the gap at rank 512
(—0.002). The last halving is steeper, smoothly in logr.
The part of the gradient that is consistent across batches
points the same way. At 1.3B its energy outside rank 2r
equals 340M’s outside rank r (0.089, 0.042, 0.015 and
0.003 at ranks 128-1024 against 64-512), and at least
98.5% of it is held at about half the width. This com-
parison uses an earlier 340M recipe and the consistency
within one checkpoint.

The input spectrum sets the share a halving
drops. One step’s gradient is Y, 6;z, over the batch’s
tokens. We built a random matrix from only the mea-
sured input covariance C;, = Y xx' and error covari-
ance Cs = ZMT of one batch, C§/2ZC;/2 with Z i.i.d.
Gaussian and the same /v normalisation. It reproduces
the kept share of the real step at every rank (Table 12,
middle). The eigenvalues of the input covariance fall
as \; « i1 in every layer type (fitted slopes —0.95 to
—1.17, and —0.5 to —1.3 for the errors). That is an equal
share of variance per octave of directions, so each halv-
ing of the rank drops about the same share of a step
until the rank nears the end of the spectrum. Neither
the width nor the batch enters in our measurements.

The persistent gradient grows with the width.
On the final recipe at 340M (snapshots at steps 4000
and 5000, measured as at 1.3B and 2.9B), a halving also
drops 0.16-0.17 of a step’s energy, so the per-halving
share holds at every width. At the same rank the nar-
rower model keeps somewhat more of a step (0.38, 0.34
and 0.31 at rank 64 for 340M, 1.3B and 2.9B), as if the
rank grew as about d%3. The gradient that persists over
1000 steps (cross products of independent means) follows
neither the rank nor the share (Table 12, bottom). At
a fixed share it shrinks with the width, and at a fixed
rank it grows (outside rank 512: 0.032, 0.081 and 0.116
at 340M, 1.3B and 2.9B). Matching the levels needs a
rank that grows as about d’® between 340M and 1.3B
(both on Wikipedia) and d°-% between 1.3B and 2.9B
(FineWeb-Edu at 2.9B, with slightly different recipes).
Most of the first exponent comes from the recipe. On
one recipe and one data set (p = 0.5 on Wikipedia, 110M
against 1.3B, snapshots at steps 4000 and 5000), the lev-
els 0.20, 0.081 and 0.037 are left outside ranks of about
92, 205 and 323 at width 768, and of 256, 512 and 768
at width 2048. That is a rank growing as d° to d*%®,
close to a fixed share of the width.
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The absolute rank therefore sets most of what a low-
rank state loses step by step, while the part that the lead
over master needs grows with the width, more slowly
than the width itself. Break-even at about one halving
below full rank is what we measured at every size, and
this split is our reading of it.

How much can be saved. At break-even the state
is 1.05 bytes per weight at 12 bits, 11 times less than
master’s 12. Halving it to 0.35 numbers per weight (0.5
bytes, 23 times less) costs about 0.03 at 1.3B and 2.9B
and about 0.08 at 110M. Quartering it costs 0.05 at the
larger sizes (extrapolated) and 0.19 at 110M. In the sense
that matters, the loss is sublinear in the state. Each
halving costs a fixed amount at 1.3B and 2.9B, not a
fixed fraction of what is left, so the first halvings below
break-even are cheap at scale.

7.1 Getting more from a small state

A fixed amount of state can be spent better in three
ways, and one obvious adjustment does not help.

Precision for rank. Since the accumulator tolerates 12
bits, a budget is better spent on rank than on precision.
At the bytes of rank 128 in fp32, rank 340 with a 12-
bit accumulator ends at 2.7086 against 2.8410 for rank
128, which is —0.132 for the same memory (—0.149 on
FineWeb-Edu). Interpolating between {p32 ranks 256
and 384 (2.7389 and 2.6975) puts rank 340 at 2.710, so
12-bit storage leaves the loss unchanged at this rank too.
Rank 340 is 0.008 ahead of master + extras (2.7166),
which puts break-even at 1.05 bytes of state per weight.

Rank where the energy is. Under a fixed budget
B = 7, r(Ni + K;) we reallocate the rank every 500
steps. Each layer’s singular values s; of UV T (those
of U, since V is orthonormal) are priced by energy per
stored number, s?/(N;+K;). One global threshold keeps
the directions above it, a layer whose every direction is
above it grows by a quarter, and ranks move by at most
25% per reallocation. At 340M with the rank-256 bud-
get, adaptive ranks end at 2.6121, against 2.6246 for a
fixed rank 256 (—0.013 for the same state, —0.011 on
FineWeb-Edu) and 2.5563 for a fixed rank 512. That
is about a fifth of the way from one to the other. The
budget moves to the MLP (final ranks q 157, k 143, v
150, o 177, gate 313, up 321, down 346), so the MLP
matrices, 2.75x wider, get about twice the rank.

Rank over time. At 110M a rank growing linearly from
512 to 768 (average 640) ends at 2.6573, 0.016 ahead of
a fixed rank 512 (2.6728) and 0.009 behind a fixed rank
768 (2.6480). That is about what its average rank buys
at a fixed rank. At 340M, a rank growing from 128 to 384
(average 256) ends at 2.6301, against 2.6246 at a fixed
rank 256 and 2.7175 at a fixed rank 128, again what the
average rank buys. A growing rank ends where a fixed
rank at its average ends, neither better nor worse.



TTF's gap to master against the size of its state
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Figure 2: TTF minus master (fixed windows) against the optimizer state per ternary weight (left) and against rank
/ width (right). 110M and 340M: final recipe, ranks 64—full; 1.3B: ranks 128 / 256 / full (p = 0.75 + annealed leak),
512 / 1024 (p = 0.5); 2.9B: ranks 1024 / 1536. All four cross master at 0.57-0.70 numbers per weight.

A shorter memory at low rank does not help. A rank-
128 accumulator with 7 = 300 instead of 1000 ends at
2.9008, 0.060 behind (0.073 on FineWeb-Edu). A small
basis does not need to forget faster.

Rank is also compute. On one RTX 4070 Ti Super
(batch 16 x 2048, steps 10-50), a TTF step at 110M
takes 1.83, 1.85, 1.90, 1.99 and 2.07 s at ranks 64, 128,
256, 512 and 768, against 1.88 s for master. At 340M
it takes 4.92, 5.05, 5.27 and 5.68 s at ranks 128, 256,
512 and 1024, against 5.02 s. Rank costs at most 15%
of step time over a twelvefold range of ranks, and near
the break-even state a TTF step takes 3-9% longer than
master’s. At these sizes peak GPU memory is set by
the activations (7.0-7.5 GiB for TTF and 4.8 for master
at 110M, 11.0-12.5 against 10.3 at 340M), not by the
optimizer state (43 MiB to 1.8 GiB for TTF). Section 11
measures the regime where the state dominates.

8 Training dynamics of threshold
flips

In master, a smaller learning rate makes every latent
step smaller and the noise of the update falls with it.
In TTF the move size is fixed at one level, and the step
scale only changes how often weights move. All at 110M,
rank 512.

8.1 A freeze under a decaying step with
a constant leak

With a constant leak the accumulator of a weight with
mean normalised drift m settles near Tam, while its noise
is about acy/7/2. Both scale with a, but the threshold
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does not. As a falls, the barrier between the settled
evidence and 6 grows like 1/a, and the move rate falls
exponentially. With p = 1 moves per step fall from 3 x
107* to 5 x 102 between p = 0.67 and p = 0.10, while
master’s trit changes fall only fourfold. Fitted as a power
of p over steps 4000-8000, the move rate falls as p*-7® for
master, p*?® for TTF with p = 0.5, and p** with p = 1.
So p = 1, which leads by 0.05 at mid-training, ends 0.025
behind p = 0.5. Rank, spend and the leak itself are not
the cause. Full rank behaves the same, and no leak is
worse.

Annealing the leak with the step. With A\ = a;
the memory grows as the step falls, the settled evidence
is 7m independent of a, and the noise in A shrinks as
\Va, so the barrier no longer grows. With p = 1 the an-
nealed leak keeps the mid-training lead (—0.040 at step
6000) and keeps weights moving (8 x 1076 per step at
the end instead of 5 x 1079). It ends level with p = 0.5
(4+0.004 and +0.008 for two seeds). p = 0.75 with the
annealed leak is —0.021 at mid-training and level at the
end (2.6728 vs 2.6720), and leads by 0.019 at twice the
tokens (FineWeb-Edu 3.0423 vs 3.0616).

8.2 Fewer moves late in training, each
worth more

TTE’s progress per step slows in the last third of train-
ing, and the colder schedules hand back part of their
mid-run lead (Table 13). At p = 0.5, full rank gains
0.026 on master after step 6000 and rank 512 gains 0.017,
while at p = 1 both lose ground. We measured what the
moves are worth.



Table 13: TTF minus master at step 6000 and at the
end (110M, training-time).

TTF step 6000 end
rank 512, p = 0.5 —0.026 —0.043
rank 512, p = 0.75 + annealed leak —0.047 —0.041
rank 512, p = 1 4 annealed leak —0.066 —0.038
full rank, p = 0.5 —0.042 —0.068
full rank, p = 1 4+ annealed leak —0.086 —0.064

Measuring a move. Every 100 steps, around the real
training step and on fixed probe batches, we record the
moves of this step, their first-order gain on a true gra-
dient (dL/dT from 8 batches, and for master the STE
gradient times ), and the share that goes downhill (the
precision). We also measure the value of the last ~1000
steps of moves by putting the trits of 1000 steps ago
back in with today’s float parameters. A move’s value
can show only after the floats adapt to it, and the one-
step loss change is too noisy (+3 x 1073).

The slowdown is in the number of moves, not in their
quality (Table 14, Figure 3). From mid to late training
TTF’s moves per step fall eightfold (p = 0.75) while the
value of each move rises 2.4-fold, while master’s moves
fall threefold while the value of each falls slightly. Preci-
sion, the share of moves that go downhill, falls slightly for
both (0.52 to 0.51-0.52). Late in training TTF’s moves
are worth more per step than master’s (6.4-6.9 x 107°
against 4.3 x 107°), with 8-14 times fewer of them.

Master’s extra moves are back-and-forth. Over 1000
steps only 8-9% of master’s trit changes survive as net
change. Its latents dither across cell boundaries, and
48% of its changes at any step reverse the net change
of the last 1000 steps. TTF’s moves mostly stay (net
over gross 0.55-0.6 mid-training, 0.9-0.96 late), because
a spent move must re-earn 6 of evidence before it can
reverse whereas the master can cross back with an arbi-
trarily small step. Per net change, TTF’s late moves
are worth about twice master’s (1.4 x 1078 against
6.8 x 1079).

The late schedule sits at a trade-off rather than being
stuck. Raising the late step scale by lowering p to 0.5
from step 6000 costs 0.012, and lowering it to 0.25 costs
0.068. Raising the threshold from step 6000 to 20, 24
or 32, for fewer and stronger moves, is ahead by 0.005—
0.012 at step 7000 and behind at the end (by 0.001, 0.004
and 0.013). Freezing the trits at step 4000, 6000 or 8000
gains 0.031, 0.011 or 0.001 in the next 250 steps, because
the disturbance of ongoing moves falls to almost nothing,
and loses 0.048 (frozen from 6000) or 0.009 (from 8000)
by the end. Late moves are progress, and the marginal
move is worth what it costs in both directions. The
shape of the decay matters little. The shared learning-
rate schedule sets both the float tail’s steps and TTF’s
step scale. A linear decay to the same floor gives 2.6768,
a linear decay to zero 2.6786 and a floor three times
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lower (4.5e-5) 2.6774, all against 2.6728 for the cosine
(seed 2: 2.6671) and so within seed noise. Only a floor
three times higher (4.5e-4) costs 0.044 (2.7168).

Rank does not cause the slowdown above rank
512. With the same schedule (p = 0.75, annealed leak),
full rank makes a third more late moves than rank 512,
each worth less, for the same value per step (Table 14).
Mid-training, ranks 128, 512 and full earn almost the
same. Only the smallest state limits late progress. At
rank 128 fewer weights reach the threshold and the late
value is 25% lower. Above that, the schedule and not
the state sets the late slowdown, and more state late in
training cannot fix it. A rank grown over training ends
where its average rank would (Section 7.1).

The schedule is part of the method. If late
progress is a long run of rare, valuable moves, a sched-
ule that holds the step high and decays only at the end
should suit TTF worse than a cosine, and master bet-
ter. It does (Section 6): at 600M tokens WSD costs
TTF 0.054 and gains master 0.010. TTF should be run
with a long decay, and a WSD decay over the last 50%
matches the cosine (Table 7). We measure TTF’s lead
over master at each method’s better schedule.

8.3 Budget frontier

We trained TTF to budgets of 1000-9155 steps, each
with its own cosine (Table 15). TTF trails master at
1000 steps and leads from 4000 steps on, with p = 0.5
already from 2000.

9 How ternary networks trained
from scratch differ from full
precision

A ternary model trained from scratch finds its own solu-
tion. We compared it with full precision at 110M param-
eters with the same architecture, data and token budget
(Wikipedia, 300M tokens): the full-precision model and
a second full-precision seed against TTF from scratch
with two seeds. Raw weights cannot be compared: hid-
den units can be permuted, and with the norm gains
folded in the residual stream can be rotated, without
changing the function, and trit agreement is at chance
even between the two TTF seeds (0.350 against 0.350).
We therefore compare representations and statistics that
do not depend on the basis.

Organisation. The two families differ in a consistent
way (Table 16). The full-precision model writes a large,
nearly constant offset into two residual dimensions: at
block 1 the top four dimensions hold 76% of |h|?, and
96% of that is the same on every token. These are the



Table 14: What a step of trit moves is worth (110M; means over phases of training). Moves per step over the window;
net / gross: entries changed over the last ~1000 steps over the moves made in them; value per step: the loss the last
~1000 steps of moves are worth (their trits put back), per step; value per move: the same over the moves.

steps moves per step net / gross value per step value per move precision

master 3000-5000 221k 0.08 1.6 x 10~* 7.2 x 10710 0.522
7000-9155 70k 0.09 4.3 x107° 6.0 x 10710 0.518

TTF p=10.5 3000-5000 45k 0.55 2.0x107* 4.5 x 1079 0.523
7000-9155 8.7k 0.91 6.9 x 107° 8.5x 1077 0.506

TTF p =0.75 + ann.  3000-5000 40k 0.58 2.2 x 1074 5.6 x 107 0.521
7000-9155 4.9k 0.96 6.4 x 107 1.4 x 1078 0.512

rank 128 30005000 15k 0.69 2.0x107* 1.3x 1078 0.528
7000-9155 1.6k 0.85 4.8 x 1075 3.0x 1078 0.512

full rank 3000-5000 51k 0.44 2.2x 107 4.3 x 1079 0.522
7000-9155 6.5k 0.94 6.3 x 10°° 1.0 x 108 0.514

Table 15: TTF minus master at each training budget
(110M, rank 512, each budget with its own cosine).

steps 1000 2000 4000 6000 9155
p=05 +0.029 -0.014 -0.035 —0.047 —0.043
p=0.75 + annealed leak +0.016 +0.005 —0.028 —0.038 —0.042

Table 16: Full precision against ternary from scratch at
110M (blocks 1 — 11 for the residual stream; weights
averaged over layers). CKA: linear centred kernel align-
ment of the residual stream on 16 Wikipedia windows
[Kornblith et al., 2019]; two untrained networks of this
architecture reach 0.880 on the same windows (see text).

full precision  TTF from scratch
residual norm 265 — 678 55 — 265
largest / median dimension (rms) 40 - 12 8.5 = 10
excess kurtosis across dimensions 216 — 38 15— 18
effective rank, value / output projections (fraction of full) 0.26 / 0.28 0.46 / 0.46
effective rank, gate / up projections 0.34 / 0.39 0.55 / 0.58
log-log singular value slope —0.50 —0.33
zero trits (GPTQ of full precision / TTF) 42%, by input channel ~ 23%, spread evenly

residual CKA between two seeds 0.816 0.890

massive activations of Sun et al. [2024], which act as fixed
biases. Ternary training from scratch never builds the
offset. It spreads the signal over many coarse weights
instead: higher effective rank, flatter spectra, and ze-
ros spread evenly over the inputs. Two ternary seeds
are also more alike than two full-precision seeds (resid-
ual CKA 0.890 against 0.816), and full precision against
ternary is below both (0.66-0.73). Linear CKA has no
zero point for unrelated networks on the same text. On
the same windows two untrained networks of this ar-
chitecture already reach 0.880, a trained full-precision
model against an untrained one 0.08, a fixed random
embedding of the current token alone 0.22, and the full-
precision seeds with their token pairing permuted 0.00
(the debiased estimator of Song et al. [2012] gives the
same values). The seed-to-seed values therefore do not
by themselves show shared learned features; what the
comparison supports is that full precision against ternary
(0.70) sits below both families’ seed baselines, well above
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the token-identity level. With the final recipe (rank
512, p = 0.75, annealed leak; two new seeds) the TTF
seeds reach 0.888, TTF against an untrained network
0.07-0.08, and TTF against the current-token embed-
ding 0.16-0.19 (full precision 0.22-0.24); full precision
against these seeds is 0.66-0.73.

Basins. The straight path in weight space [Frankle et
al., 2020] from the full-precision model to the ternary
model trained from scratch rises to a loss of 8.45, as
between two full-precision seeds (9.6): the two are sep-
arate basins. Basins are kept whatever the precision. A
full-precision network trained for 50M tokens from the
dense weights of the ternary model stays in the ternary
model’s basin (one-to-one neuron correlation 0.90, CKA
0.98 with it; CKA 0.78 with full precision) and still
reaches 2.721 against full precision’s 2.716 on the same
windows. At this size the two families are equally good
basins for both precisions; the precision does not choose
the basin.

Sharpness. Ternary minima are not flatter. Under
relative Gaussian noise on the effective weights of every
linear the two ternary seeds lose more than the two full-
precision seeds (loss rise at noise 0.3: +0.140 / +0.150
against +0.100 / +0.102), and the top Hessian eigen-
value of the linears, scaled by |W|? to be invariant to
rescaling, is about twice as large (2.1-2.6 x 10° against
1.0-1.2 x 10%). Along the lattice the two families lose
about the same: moving a random 1% of every linear’s
weights by one grid step costs +0.016 / +0.020 for TTF
and 4+0.019 / +0.016 for full precision (one step of its
own ternary rounding). The companion paper uses these
measurements to ask what a conversion of a pretrained
full-precision model inherits.



what one step's trit moves.

are worth (110M; smoothed over 5 diag steps)

Figure 3: Move diagnostics against training step, master
and TTF (p = 0.5; p = 0.75 + annealed leak at ranks
128, 512 and full): moves per step, first-order gain per
move, precision, gradient size at moved entries, undo
share, the float tail’s gain, and the value of the last 1000
steps of moves (total and per changed entry).

10 Float-free ternary models

TTEF’s lead could come from the float extras it trains
beside the trits. At 110M a quarter of the parameters are
float (Table 1), mostly the embedding. We remove the
float extras and then make the embedding ternary too:
E;; = sgric; T;; with trits T, learned row and column
scales and a fixed base scale, tied to the output head,
its trits trained by TTF from the sum of the lookup and
head gradients (for master, an absmean latent with the
STE). Only scales and norm gains stay float.

Without the extras. TTF with no float extras (no
PQ" and no row or column scales, so each layer’s output
scale is the fixed 8) ends at 2.6907 on Wikipedia. That
is 0.018 behind TTF with the extras, but 0.045 ahead
of plain master and 0.026 ahead of master with the ex-
tras (0.064 and 0.040 on FineWeb-Edu). The extras are
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worth about 0.02 to either method, and TTF’s lead does
not come from them. Row and column scales alone re-
cover two thirds of it, and the rank-16 float adapter adds
the remaining 0.007.

Ternary embedding and head. With an untied
ternary embedding and output head (49.2M ternary em-
bedding weights with row and column scales, and 134M
parameters, of which 0.2M are float besides the norm
gains), TTF ends 0.148 behind the same model with a
float embedding. The whole model then packs into 27
MB, against 66 MB with a 16-bit embedding, which is
2.5 times smaller for 0.15 nats. Tied, the ternary em-
bedding does slightly better with half the embedding
weights (110M parameters, 22 MB packed). Master
with the same tied ternary embedding, an absmean la-
tent with the straight-through gradient, falls further be-
hind. Without float embeddings TTF’s lead grows from
0.044 to 0.121 on Wikipedia and from 0.060 to 0.173 on
FineWeb-Edu. With the same row and column scales
and nothing else, TTF leads master by 0.042 (0.060 on
FineWeb-Edu).

A ternary embedding with the bytes of a float one does
better again. Packed trits cost 1.6 bits against fp32’s 32,
so a table 20 times as wide (32000 x 15360 trits, the
same 98 MB) followed by a ternary projection to the
model width fits in the same memory. Both are trained
by TTF, and their product, formed once per step, is also
the tied head. This model goes 61% of the way from the
same-width ternary embedding to the float one, and it
is level with master with a float embedding on FineWeb-
Edu (0.010 behind on Wikipedia). Turning the rank-16
float adapters into ternary factors at fp32’s bytes as well
(rank 320, trained by TTF, with the row scales of one
factor starting at zero) costs little more. In this all-
ternary model only the per-row and per-column scales
and the norm gains stay float, and it is level with mas-
ter’s float-embedding model on FineWeb-Edu and 0.018
behind it on Wikipedia.

Integer embedding and head without a dense ma-
trix. The ternary embedding gives up 0.14 nats, and
k-level codes recover most of it at a few bits. Each row
is split into groups of 64 with a learned offset and step,
Wij = lig + Sig 4ij, @5 € {0,...,2° —1}. TTF moves a
code by one level when its accumulator entry reaches 6,
and /£, s train in the float tail. Vocabulary-sized matri-
ces make a dense update path expensive: at 27B a bfl6
copy of the head, its fp32 gradient sum and the codes
take about 18 GB. The factored update never forms ei-
ther. The head loss runs over token chunks with logits
from codes dequantized in vocabulary chunks, and keeps
the micro-batch’s OL/Jz (bfl6) and the head input as
the gradient’s factors. The embedding’s gradient is the
distinct looked-up rows with their summed OL/0h. A
tied matrix adds both factor sets in one update, and
the accumulator’s U is stored per chunk of 8192 rows.



Table 17: Float-free variants (110M, rank 512, final recipe; fixed windows). Master with all float extras is the two-

seed mean, without extras the three-seed mean.

TTF master

Wikipedia FineWeb-Edu Wikipedia FineWeb-Edu

all float extras (reference) 2.6728 3.6226 2.7166 3.6830

no extras (no PQT, no row / column scales) 2.6907 3.6435 2.736 3.707

row / column scales only 2.6794 3.6309 2.7209 3.6904

+ ternary tied embedding (only scales float) 2.8106 3.7758 2.9312 3.9492
+ ternary untied embedding and head 2.8273 3.8100
float extras, tied ternary embedding 20x wide + ternary projection 2.7265 3.6832
+ ternary adapters of rank 320 (all-ternary) 2.7343 3.6885

The factors give OL/OW, but the code moves along
OL/0q = sOL/OW. A step that is constant along a row
cancels in the row-normalised update, so only its varia-
tion within the row is applied. A code fires on pA > 6
with p = s/rms,o(s), moves by sign(pA) and spends
0/p of A. The sign matters. After training, 56-78% of
the group steps are negative (a group can flip its order),
and using |s| moves those codes the wrong way, which
at 15M (300 steps, tied 4-bit) costs 0.15 nats. With the
signed ratio, the factored update matches the dense one
(5.706 against 5.709, the mean of two seeds, with a float
embedding at 5.622). Peak memory is unchanged at 15M
(1.20 vs 1.18 GiB). On Qwen3.5-0.8B (2-bit embedding,
3-bit head) it is 5.4 GiB, where the dense path needs 9.0
GiB at the first step and then runs out of memory under
an 11 GiB cap. At 27B it frees about 8 GB on the head’s
pipeline stage.

10.1 Ternary adapters on converted net-
works

The ternary factors above are a general tool. Any low-
rank correction U(Dz) with D and U ternary (each
with row and column scales) is just two more ternary
layers, and TTF trains them with the same accumu-
lator, threshold and step scale as the main weights.
The companion paper on conversion uses them to hold
what rounding a pretrained model removes (fitted to
the residual in the layer’s output metric, the objec-
tive QERA [Zhang et al., 2025b] solves in closed form
for float low-rank terms, then trained). Two obser-
vations belong here, because they are about TTF it-
self. First, TTF trains the extra trits rather than
merely storing them. On Qwen3.5-0.8B, adapters of
rank 0.1 x min(K, N) (13% more trits) after 1000 TTF
steps beat the plain ternary model after 3000 (Wikipedia
2.9988 against 3.0087, chat 2.8344 against 3.0633). Sec-
ond, the adapter trits are where TTF moves first. From
the converted state with every float frozen, 100 steps at
6 = 16 change 2.47% of the adapter trits and 0.18%
of the main ones, and by step 90 the loss has fallen
from 3.4372 to 3.1060 (eight fixed Wikipedia windows)
through trit moves alone.
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Budget. Per weight TTF stores the trit (0.2 bytes
packed) and, amortised, the factored second moment and
the rank-r factors (Table 4). With a 12-bit accumulator
the 2.9B model at rank 1536 keeps about 1.18 bytes of
optimizer state per weight, against 12 for master. At
the 23.0B shape, rank 1024 costs 0.50 bytes per weight
(0.33 numbers). The rank fit of Section 7 puts that rank
0.061 above full rank there (0.060 to 0.063 over g’s 95%
range, or 0.082 for a fixed cost per halving). By the share
reading, 0.33 numbers per weight is half the break-even
state, where the line through the 1.3B and 2.9B points
has TTF about 0.03 behind master (an extrapolation
over a factor of 2.5 in width). A budget model predicts
every measured point within 0.4 GiB.

Memory and speed

Where a step’s time goes. We profiled one opti-
mizer step of Qwen3.5-0.8B, with every GPU kernel and
CPU op attributed to the innermost named range (Ta-
ble 18). Trained from scratch (embedding and head
trainable, 8-bit-moment float optimizer, no distillation),
TTF is GPU-bound, and the 248k-vocabulary head and
loss take 27% of the GPU time. TTF’s per-micro-batch
update is 0.36 s of GPU but 3.3 s of CPU in small elemen-
twise operations. The fused micro-batch kernel removes
that CPU time (four Triton kernels instead of about fifty
operations). At the peak, inside the backward pass,
3.09 GiB persist from the start of the step (float gra-
dients 0.95, embedding 0.95, float optimizer 0.48, TTF
factors 0.61, trits 0.09). The step has allocated another
3.64 GiB by then and freed 1.33 GiB of the persistent
blocks, which gives 5.42 GiB.

The full-precision reference keeps all parameters in
bfl6 and uses fused AdamW on the same model, data
and machine. With the teacher it does not fit in 12 GB,
so it trains on cross-entropy only. Its kernels take 9.11 s
per step against TTF’s 9.00 s, and its peak memory is
7.62 GiB (gradients 1.40, AdamW moments 2.80, pa-
rameters 1.40) against TTF’s 5.42. A TTF step costs
what an AdamW step costs, with 29% less memory
and without an fp32 master copy (which the bfl6 ref-
erence also omits). In conversion recovery with ternary
adapters, the head and loss, the activation recompute,



Table 18: One optimizer step of Qwen3.5-0.8B, profiled (16 micro-batches of 2048 tokens, RTX 4070 with a Ryzen
3950X, before the speed changes listed in the text). Seconds per step; peak allocated memory in GiB. The conversion
runs distil from the full-precision teacher with the head frozen; the bfl6 AdamW reference uses cross-entropy only.

TTF from scratch

conversion, ternary adapters

conversion, no adapters bfl16 AdamW

wall time 9.46

GPU kernels 9.00
head and loss 2.47
activation recompute 1.11
teacher
main TTF update 1.40
adapters (forward and backward + TTF)

peak memory 5.42

23.37
17.25 12.84 9.11
4.01 4.01 2.47
1.99 1.34 1.35
1.75 1.75
1.37 1.38
1.93 + 1.75
8.22 8.16 7.62

the adapters, the teacher and the two TTF updates share
the time (the linear attention takes another 1.5 s). With-
out adapters, the head and loss take 31% of the kernel
time, the teacher 14% and the recompute 10%.

Three later changes took the adapter recovery step
from 24.90 to 16.99 s on an RTX 4070. The update
fires without a host synchronisation per layer, the per-
micro-batch update is fused into four Triton kernels, and
a frozen head’s loss and input gradient are computed
in one pass, without recomputing the 248k-wide logits.
Each stays within the run-to-run noise of losses and trits.
Two further changes are now defaults. The input gra-
dient is computed in one int8 slice per row (7 bits, on
the int8 tensor cores, where two slices were as accurate
as bf16), and TTF’s {p32 products use TF32, with the
orthonormalisation kept in full fp32. Over 1000 steps
of Qwen3.5-0.8B recovery each is level with the refer-
ence. With one slice, Wikipedia, chat and mix differ by
40.0003, +0.0002 and +0.0023, and the paired train-loss
gap stays between —0.003 and +0.007. One slice takes
the step of a 27B slice from 5.77 to 5.27 s on a laptop
RTX 4080.

Measured. A  23.0B-parameter model (22.85B
ternary) trains on one 16 GB RTX 4070 Ti Super. It
uses 11.1 GiB of GPU memory at ranks 256 and 512
with the state offloaded to the host (11.2 and 17.0
GiB there), and 11.6 GiB at rank 1024 with the 12-bit
accumulator. Host offload with asynchronous copies
costs no time at 1.3B (2.80 against 2.79 s per step).
We trained it for 500 steps of one 2048-token sequence
(IM tokens, rank 1024, the 12-bit accumulator and
70% of the state on the GPU) under a 22.4 GiB cap
on an A100, which is a 24 GB card’s usable memory.
It peaks at 17.3 GiB and runs at 38.5 s per step, and
the validation loss falls from 11.33 at initialisation to
6.40. This is a result about memory and stability, not a
converged model, since 1M tokens are far from enough
for 23.0B parameters. At its leanest (rank 256, all state
in host memory, one 2048-token sequence per step, the
loss in 256-token chunks, activations recomputed per
block) the same model peaks at 9.73 GiB allocated
(10.8 GiB by nvidia-smi) on an RTX 3090 Ti and runs
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at 19.5 s per step. The trits take 4.26 GiB, the float tail
with its gradients and optimizer 1.46 GiB, and TTF’s
state 2.69 GiB on the host.

Qwen3.8-27B, converted by streaming GPTQ [Fran-
tar et al., 2023] in 20 minutes on the same card (output-
space error 0.051 against 0.167 for nearest rounding),
carries a float 248k-vocabulary embedding and head (4.7
GiB in bfl16). With all of TTF’s state on the GPU
(rank 256, 2.46 GiB) and 16 micro-batches of one se-
quence per step, it trains under the 22.4 GiB cap. It
peaks at 21.2 GiB (trits 4.53, float tail 5.0, 12.6 GiB
allocated between steps) and takes 211 s per 32k-token
step with the trits frozen and 235 s once they move.
On the first eight Wikipedia windows of 2048 tokens,
the full-precision model scores 1.9034, the model right
after the streaming conversion 3.8507, and the model af-
ter 60 recovery steps (about 2M tokens) 2.3644, so 76%
of the conversion’s loss is recovered. Packed this way,
the model also runs inference on a 12 GB laptop GPU
(RTX 4080 Laptop, 9.1 GiB peak, the embedding read
from pinned host memory) at 22.7 tokens/s, with the
trits in a 2-bit layout and an int8 x trit GEMV. Step
time and peak memory against rank at 110M and 340M
are in Section 7. At 1.3B, batch 16 does not fit in 16 GB
for either method.

27B on two GPUs. Qwen3.8-27B, converted with
ternary adapters of rank 0.2 min(K, N) (the companion
paper) and with int-k embedding and head codes, trains
pipeline-parallel over two 96 GB RTX PRO 6000 GPUs
(one stage each, 1F1B over 16 micro-batches of 2048
tokens, TTF rank 1536) at 27.0 s per 32k-token step,
peaking at 72.8 and 66.5 GiB with the last 15 blocks
of each stage keeping their activations. The first stage
holds more micro-batches in flight, so a kept block costs
it about twice as much (2.3 against 1.2 GiB). Per stage
and step, profiled before the change below, TTF’s update
takes 10.9 s (the orthonormalisation 4.7 s over 185 calls,
the per-micro-batch accumulation 2.4 s, firing 0.35 s),
the ternary forward 5.7 s and the input gradient 4.3 s, the
second stage’s head and distillation loss 1.4 s, and each
stage waits 6-9 s for the other. The second stage’s last
micro-batch ends with its per-layer updates (the step’s



basis turn, firing and spend). Running them after its
input gradient is sent rather than before (the same up-
dates, later) removes most of the first stage’s wait and
takes the step from 32.8 to 27.0 s. On one GPU the
rank costs time (47.5, 54.3 and 59.8 s per step at ranks
1024, 1536 and 2048), while keeping more blocks’ activa-
tions instead of recomputing them saves almost nothing
(within 1 s from 1 to 13 blocks kept). Data parallelism
does not help here, because each rank repeats the whole
update.

Micro-batches without a dense gradient. When a
batch does not fit in one pass it is split into M micro-
batches. Gradient accumulation would keep a dense
N x K sum per layer, as large as the model, which is the
memory TTF removes. Instead each micro-batch’s gra-
dient enters the state and is discarded. The momentum
steps once per micro-batch (decay Bll/M), the batch’s
second moment is assembled from the micro-batches’
squares plus their cross terms through a random sketch,
and the accumulator, firing and spend run once per step
(Appendix F). At 110M, 4 x 4 micro-batches match one
pass of batch 16 after 1000 steps (3.6078 against 3.6126
on the 974 fixed windows) with 1.65 instead of 3.75 GiB
and 4% more time, and the step agrees with the dense
batch path to a cosine of 0.996-0.999. A 10B model
with batch 16 x 2048 then fits a 40 GB A100 (18.3 GiB,
55.7 s per step) instead of needing 41.9 GiB in one pass.
Without momentum (the final recipe) each micro-batch
enters the accumulator directly, normalised by the pre-
vious step’s v mixed with its own squares. Over the full
9155-step schedule at 110M, 4 X 4 micro-batches end at
2.6733 against 2.6728 for one pass of batch 16, with 3.1
instead of 7.4 GiB.

Storage formats. The accumulator needs about 12
bits. With 7, 5, 4 and 3 mantissa bits the loss changes
by +0.0005, +0.0018, +-0.052 and +0.149, and a real 12-
bit store matches the simulation (2.7082 against 2.7087).
An int8 accumulator costs 0.01-0.02, because rounding
noise integrates over the accumulator’s memory.

Multi-GPU training. We built and used both data
and pipeline parallelism. In data parallel training every
rank holds the whole model and draws its own micro-
batches. Before a layer’s update its gradient is aver-
aged across ranks with one all-reduce per layer, as for
master. With the factored update the factors (gy,x)
are reduced instead of the dense N x K gradient, about
(N + K)(k + 2r) floats per layer and micro-batch. Ev-
ery rank then runs the same update and moves the same
trits, and trits are never sent. Two processes on one
GPU, and two machines over gigabit Ethernet (two RTX
4070 Ti Super, NCCL over sockets), keep the packed
trits bitwise identical at every check (steps 0, 100 and
200). The two machines ran at 18 s per step against
28 s on one, and after 300 steps their validation loss was
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within 0.03 of the single-GPU run, which draws differ-
ent batches. On Qwen3.8-27B, two RTX 4090 without
peer-to-peer access take 27.8 s per 32k-token step against
61.8 s on one RTX 3090 Ti. Rank 0’s losses match the
single-GPU run (0.734 and 0.889 against 0.736 and 0.890
at steps 1350 and 1360), the run stops and resumes, the
trits agree on both ranks at step 1400, and each rank
peaks at 19.7 GiB. Four RTX 4090 on two NUMA nodes
without peer-to-peer access take 18.7 s, bound by com-
munication. The distillation cache is read rank-aware, so
the ranks see disjoint teacher shards. In pipeline parallel
training each stage owns a contiguous block of decoder
layers (the embedding on the first stage, the final norm
and head on the last), holds and updates only those lay-
ers’ trits and TTF state, and only hidden states and
their gradients cross stages. Stage checkpoints merge
into a single-GPU checkpoint. On a two-stage test model
the evaluation forward is identical, ten training steps
agree to about 1077 (the float tail’s stochastic rounding
is per process), and the merged checkpoint resumes on
one GPU to the same evaluation. The 27B continuation
on four RTX 4090 in four stages ran at 19.0 s per step
with losses identical to the single-GPU run at step 1360,
for 1000 steps on its mixture. Tensor parallelism, which
would split the accumulator’s factors with the layer (U
by rows, V by columns, with a reduction of ATU across
row shards in every subspace-iteration step), is not built.

12 Related work

Ternary and binary networks with latent weights.
BinaryConnect [Courbariaux et al., 2015] and the
straight-through estimator [Bengio et al., 2013] estab-
lished latent-weight training of quantised networks. Bit-
Net b1.58 [Ma et al., 2024] and Spectra/TriLM [Kaushal
et al., 2025] scale it to ternary LLMs and are our master
reference.

Converting pretrained models to ternary. The
Hugging Face recipe [Mekkouri et al., 2024] fine-tunes
Llama-3-8B to ternary weights with a warmup that
phases the quantisation in. Nielsen et al. [2025] find
that switching from 16-bit to 1.58-bit pretraining beats
ternary training from scratch, and that phasing in and
keeping the optimizer state soften the loss spike, though
further training removes the difference. BitNet Distilla-
tion [Wu et al., 2025] adds normalisation before the out-
put and down projections, continues pretraining and dis-
tils logits and attention relations, for task-specific Qwen3
models up to 4B. It observes that continued pretraining
moves the weight distribution towards that of ternary
models trained from scratch. Post-training ternarisa-
tion [Wang et al., 2026] calibrates reasoning models on
their own reasoning traces, and LLM-QAT [Liu et al.,
2024] trains quantised models on text sampled from the
model itself. All of these keep latent weights or use no



training. A companion paper converts pretrained mod-
els with TTF, training the trits with its sublinear state.
Low-rank terms that reconstruct the quantisation error
were first chosen heuristically, and QERA [Zhang et al.,
2025b] derives them in closed form for the layer’s out-
put error rather than its weight error. They are float
terms on a fixed quantised base, whereas the companion
paper’s adapters are ternary and trained with the base.

Training without a full-precision master copy.
Bop [Helwegen et al., 2019] flips binary weights when
a per-weight gradient EMA crosses a threshold. It keeps
one float per weight and one timescale. DQT [Zhao et
al., 2025] updates low-bit weights directly with stochas-
tic rounding but keeps per-weight optimizer moments
(AdamW in its main experiments). ECO [Nikdan et
al., 2026] feeds the quantisation error back into the opti-
mizer’s momentum. Q-GaLore [Zhang et al., 2024] keeps
INTS8 weights updated by stochastic rounding with low-
rank projected Adam. Per weight, TTF keeps only the
ternary value, and all of its optimizer state is sublinear.

Low-rank and factored optimizer state. Adafac-
tor [Shazeer and Stern, 2018] factors the second moment
as we do. GaLore [Zhao et al., 2024] projects gradients to
a low-rank subspace and runs Adam there. MoFaSGD
[Mahdavinia and Mahdavi, 2025] keeps a dynamically
updated low-rank SVD of the momentum, and ReL.oRA
[Lialin et al., 2023] restricts updates to low rank and
merges them periodically. All keep full-precision weights.
TTF’s spent moves land in full-rank discrete weights, so
the cumulative change is not rank limited.

Fine-tuning ternary models. Low-rank ternary
adaptation [Manolache et al., 2026] fine-tunes trained
ternary models with a multiplicative ternary adapter
(keep, zero or flip the sign of each weight) built as a
Kronecker product of ternary factors, so a zero weight
cannot be reactivated. We train from scratch, and a
move may go to or from 0.

Learning-rate schedules. Warmup-stable-decay [Hu
et al., 2024, Hagele et al., 2024] and re-warming for con-
tinued pretraining [Gupta et al., 2023, Ibrahim et al.,
2024] (Section 6).

Compressed optimizer state. 8-bit [Dettmers et al.,
2022] and 4-bit [Li et al., 2023] Adam quantise the mo-
ments block-wise. MicroAdam [Modoranu et al., 2024]
keeps a compressed gradient window with error feed-
back, and Adam-mini [Zhang et al., 2025a] shares one
second moment per parameter block. All shrink the
bytes per number but keep a full-precision weight beside
them. TTEF’s accumulator tolerates 12 bits (Section 11),
so these quantisers compose with it. What TTF removes
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is the weight copy and the per-weight count of state num-
bers.

Sign-based updates. signSGD [Bernstein et al.,
2018] and Lion [Chen et al., 2023] move every weight
by a fixed amount in the sign of a (momentum) esti-
mate at every step. A TTF move is also a fixed-size
sign step, but it is taken only when the integrated ev-
idence crosses the threshold, and that evidence is then
spent, and between moves nothing changes. Bop [Hel-
wegen et al., 2019] is the binary analogue with one float
per weight, and OvSW [Xiang et al., 2024] reports that
over half of a latent-weight binary network’s signs never
change in training. TTF shows the same inertia, set by
the state. In early 340M runs 23% of the trits never
moved at rank 512, 33% at rank 256 and 52% at rank
128 (16% with the p = 0.5 schedule at rank 512).

13 Discussion

From memory-bound to compute-bound. With
master weights, the size of model one can train or adapt
is set by memory. Master needs twelve bytes of optimizer
state per weight on top of the weights, gradients and
activations. With TTF the state is at most about one
byte per weight (half a byte for the 23B model at rank
1024) and the weights are 0.2 bytes, so a 23B model fits
a 16 GB card and a 27B model recovers on a 24 GB card
(Section 11). What remains binding is arithmetic. The
23.0B model trains at about 105 tokens per second on
one RTX 3090 Ti and Qwen3.8-27B recovers at about
140. A billion tokens would take months on one card,
while ten million, the scale of a fine-tune, take about a
day. The question for a given budget therefore moves
from whether a model fits to how many tokens one can
afford.

Kernels and hardware. Our training kernels hold
trits packed and multiply them on int8 tensor cores,
and inference uses a 2-bit layout with four-way 8-bit dot
products (22.7 tokens per second for the 27B model on
a laptop GPU). Neither exploits that a ternary prod-
uct is an addition or a sign change. Since TTF leaves
no full-precision weight in the training loop, the forward
and backward products are a large share of its cost (we
have not profiled the split), and kernels and hardware
built for ternary operands are where further speed would
come from, but we have not built them.

Who can train and adapt large models. Train-
ing and fine-tuning tens of billions of parameters has
needed clusters of data-centre accelerators. TTF moves
it onto a single consumer card, within reach of univer-
sity groups, small companies and individuals, for train-
ing from scratch at modest scale and, more realistically,
for converting and adapting existing open models.



Misuse. The same lowering of the barrier applies to
people who would adapt models to harmful ends, such
as removing a model’s safety training, specialising it
for malware, fraud or disinformation, or training a mis-
aligned model with no oversight. Fine-tuning, which
needs few tokens, is the relevant case, and it is exactly
where a single card now suffices. Safety measures that
rely on the cost of training, such as thresholds on com-
pute or on access to large accelerators, become weaker
as that cost falls, which puts more weight on safeguards
that hold after release, such as alignment that resists
further training, and on how open weights are released.
We release the method and its code because master-free
training already exists at higher cost and its benefits are
broad, but we note the risk so that it is weighed rather
than assumed away.

14 Limitations

e Scale and tokens. The largest comparison is 2.9B
at 300M tokens, and the 110M lead was tested
to 600M tokens. Budgets are far below compute-
optimal for 340M and above. The gap’s indepen-
dence of training length (Table 9) is measured at
15M only, up to five times compute-optimal, one
run per point.

e Seeds. Two to three seeds at 110M and 340M, two
at 1.3B (rank 1024 and master, where TTF’s seeds
differ by 0.009 on Wikipedia and 0.012 on FineWeb-
Edu, more than master’s 0.001 and 0.003), and one
at 2.9B and for the other 1.3B ranks.

e Master tuning at 2.9B. Two learning rates (4e-4
better than 2.5e-4), and a better master would move
the 2.9B points of Section 7.

e Mixed data across sizes. 1.3B is on Wikipedia,
2.9B on FineWeb-Edu, and the curve of Section 7
uses each size’s training distribution.

e Output projections. The accumulator’s or-
thonormal basis V' sits on the input side of every
layer. In converted models we later found that the
layers reading the MLP hidden state or the atten-
tion output (the MLP down projection and the at-
tention output projections) moved almost no trits
at ranks 64 to 512, because the persistent part of
their gradient lies on the output side. The from-
scratch runs reported here do not show this. In the
110M runs of Table 10, by the last step the down
projection had moved 63%, 85%, 88% and 89% of its
trits at least once (ranks 128, 384, 512 and full, the
512 figures from that rank’s second seed), against
63%, 84%, 86% and 87% of all trits. The attention
output projection had moved 63%, 81%, 83% and
83%, more than the value projection (54% to 77%).
Over the last fifth of training the down projection
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moved trits at 0.87 to 1.06 times the mean rate of
the five other types and the output projection at
0.70 to 0.87 times, again above the value projec-
tion. We ran a basis on the output side of the down
projections once, at 110M for 2000 steps against the
same run with the input-side basis (same seed and
data). Its fixed-window Wikipedia loss was lower
by 0.0065 £ 0.0008 (paired over windows, 63% of
windows better), and the down projections’ moved
share rose only from 0.69 to 0.70. One run does not
measure the run-to-run spread, the full schedule is
untested, and the option is not in the released code.

e Micro-batches. The micro-batch update without
momentum (Appendix F) was run for the full sched-
ule at 110M only, and memory and speed at 10B
were measured with the short-momentum version.

e Downstream evaluation. Zero-shot tasks are
near chance at these sizes (Table 19). At 2.9B TTF
is level with master within one to two standard er-
rors, and the tasks cannot separate the methods at
this budget. At 1.3B the two are also level, with
LAMBADA slightly ahead for TTF in both seeds.

15 Open directions

Several directions are built only in part or not at all.
The mechanisms we tried are listed with their results in
Appendices D and E.

Mixture of experts. With one accumulator per
ternary expert, the experts give TTF the gain they give
master (at rank 320 and a third of the training, fixed win-
dows on Wikipedia: TTF from 3.0531 dense to 2.9901
with 8 experts of hidden 1024 and top-2 routing, master
+ extras from 3.0434 to 2.9780), and the gap between
the methods is unchanged (+0.010 dense, +0.012 with
experts). An expert sees a fraction of the tokens, so its
evidence builds more slowly. A leak and threshold set
by each expert’s own step count, rather than the global
step, are not done.

The size of the state. Break-even sits at a similar
share of the width at all four sizes measured with sev-
eral ranks. Whether it stays there at larger widths, and
whether the forecast at the 23.0B shape holds, is open.
The two factors of a halving’s cost, about 15% of a step’s
energy and that energy’s value, were measured at 32k
tokens per step, and at batch 64 the cost per halving is
unchanged (0.099 against 0.103).

Keeping what the projection drops. Feeding the
discarded part of each step back densely is the only low-
rank mechanism that helped (—0.031 at rank 128 and
—0.026 at rank 64 on the earlier recipe with momentum,
against gaps of 0.18 and 0.29 to rank 512), but it stores



Table 19: Zero-shot accuracy (2.9B: FineWeb-Edu; 1.3B: Wikipedia; 300M tokens each). HellaSwag and ARC-
Challenge acc_norm. Standard errors 0.004-0.014. 1.3B: two seeds each; its master is master + extras (Ir be-4).

2.9B 1.3B
task TTF 1536 TTF 1024 master TTF 1024 master
LAMBADA 0.193 0.195 0.183 0.160, 0.155 0.152, 0.138
HellaSwag 0.291 0.290 0.288 0.272, 0.272 0.269, 0.269
PIQA 0.600 0.597 0.598 0.547, 0.550 0.532, 0.550
ARC-Easy 0.470 0.453 0.453 0.336, 0.330 0.339, 0.339
ARC-Challenge 0.243 0.249 0.222 0.224, 0.228 0.216, 0.212
WinoGrande 0.496 0.511 0.501 0.499, 0.531 0.509, 0.504
an N x K matrix, more than full rank, and even at 2 Acknowledgements

bits it would add more state to rank 128 than going to
rank 256 does, for a third of the gain. Keeping only
the largest 1% of it, fed back the next step, gives —0.008
alone and —0.052 with an exact spend and a higher float-
tail learning rate. A residual kept only near the threshold
is untested.

Schedules. For training from scratch, WSD with a
20% decay costs TTF and a 50% decay matches the
cosine. A schedule that holds the move rate late is
untested.

16 Conclusion

For a ternary network, the master copy provides a long
integrator that decides when a weight changes and an im-
mediate change when it crosses a boundary. TTF keeps
both without a latent. Its only per-weight state is the
trit, and its optimizer state buys loss along a log-linear
curve, reaching master at 0.57-0.70 numbers (about one
byte) per weight at all four sizes, and leading master
at 110M and 340M (at 110M also at twice the tokens).
Its dynamics differ from master’s in a way that matters
for schedules. Discrete moves can freeze under a decay-
ing step, which an annealed leak fixes, and late training
slows because moves become rarer while each is worth
more, a matter of the schedule rather than the state
once the state is past break-even. TTF does not need
the auxiliary float parameters to lead master with them,
and with a ternary embedding, leaving only scales in
float, its lead over master grows to 0.12. A fixed state
is better spent unevenly. Priced by energy per stored
number, it moves to the MLP and gains a fifth of what
doubling it would. Trained from scratch, the ternary
network’s gap to full precision does not grow from one
to five times compute-optimal training. With the state
at half a byte per weight, a 23B model trains on one 16
GB card, and the same update converts pretrained mod-
els and keeps training them, the subject of a companion

paper.
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Code availability

The trainer, the packed ternary kernels and the eval-
uation and analysis scripts are at https://github.
com/oguzeldereli/ttf-ternary, archived on Zen-
odo as doi:10.5281/zenodo.23394608 (all versions).
The version this paper describes is release v0.2.0,
doi:10.5281/zenodo.23717561. The repository’s results
database (results/runs.jsonl) records the runs with
their results, and their configurations where the run
logged them. Runs before 17 October 2026 used the
trainer before its consolidation, which the repository’s
history keeps, and docs/0OPTIONS_MAP.md maps its op-
tions to the current ones. The gradient spectra of
Section 7 come from scripts/analysis/grad_snr.py
and rank spectrum.py, and the rank fit from
scripts/analysis/rank_scaling.py.

Use of Al tools

Most of the code in the repository (the trainer, kernels,
evaluation and analysis scripts) was written by Claude
(Anthropic), an Al assistant, working through Claude
Code under the author’s direction. The text of this pa-
per was also heavily drafted by Claude at the direction
of the author. The author directed the research and is
responsible for all content of the paper.

A Hyperparameters

Shared. 32k-token vocabulary, sequence length 2048,
batch 16 (32768 tokens per step), 9155 steps (300M


https://github.com/oguzeldereli/ttf-ternary
https://github.com/oguzeldereli/ttf-ternary
https://doi.org/10.5281/zenodo.23394608
https://doi.org/10.5281/zenodo.23717561

tokens) unless stated, 305 warmup steps, cosine to a
tenth of the peak. Activations are 8-bit per token in
both methods; the float tail (embeddings, norms, at-
tention temperatures, extras) is trained by AdamW in
fp32 in both. Evaluation every 250 steps on 30 batches
(training-time); final numbers from Appendix B.

TTF (final recipe). 6 = 16, leak 7 = 1000 annealed
with the step (7p~?), p = 0.75, no momentum, rank 512
unless stated, factored second moment, fused update,
int8 GEMMs; peak learning rate of the float tail 1.5e-3.
The step scale p; = Irg/Irpeax reaches 1 at the end of the
305 warmup steps and follows the same cosine.

Master. BitNet bl.58 straight-through recipe: f{p32
latent, absmean scale, AdamW (0.9, 0.95), weight decay
0.1, global clip 1.0; peak learning rate 1.5e-3 at 110M
(best of 7.5e-4 / 1.5¢-3 / 3e-3 / 6e-3), 1le-3 at 340M, 5e-4
at 1.3B, 4e-4 at 2.9B.

Extras (both methods unless stated). Learnable
row and column scales per ternary layer, a rank-16 addi-
tive float adapter PQ" with weight decay 0.1, per-head
attention temperature.

Hardware. 110M and 340M on RTX 4070 Ti Super
(16 GB) and RTX 3090 Ti lab machines and A100 40
GB nodes of a university cluster; 1.3B on A100; 2.9B on
two RTX PRO 6000 Blackwell GPUs. Every run’s flags
are in the released run index.

B Evaluation protocol

Every model is rebuilt from its checkpoint and scored
on all 974 non-overlapping 2048-token windows of the
Wikipedia validation split and 2000 of FineWeb-Edu
validation (fized windows); the rebuilt models repro-
duce their logged training-time final loss to < 6 x 107°
on the training-time windows. Differences between two
models are paired over windows; the 95% intervals are
a bootstrap over windows. Training-time evaluations
draw their 30 batches with the run’s seed, so two seeds
see different windows: up to 0.065 of apparent differ-
ence between seeds came from that alone, and training-
time numbers are compared only within a seed. The
Wikipedia split is by article; no validation article occurs
in training, and at most 1.58% of validation 32-grams
occur anywhere in training (boilerplate), the same for
all methods. FineWeb-Edu validation was never used
for any choice.

C Kernel correctness

69 checks of the packed ternary kernels against dense ref-
erences (packing with padding, £, int8 / bfl6 GEMMs,
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input and weight gradients, forward and backward of the
layer); maximum relative error 3.5 x 1073 (bf16 round-

ing).

D Earlier latent-free rules

TTF is the third rule we built for training ternary
weights without a latent copy. This appendix records the
two before it, what was tried on each and why they were
replaced. All runs are 110M, 300M tokens of Wikipedia,
from scratch, one seed (1337), scored on the training-
time validation batches unless marked; the configuration
changed between phases (noted per table), so numbers
compare only within a table and against the reference
given with it.

D.1 Stochastic flips from the gradient
(no state)

Each step, every trit moves one level against its gradient
with a probability set by the gradient’s size relative to
the layer’s mean,
P(t . _ _ . |9:]
(tij  tij — signgij) = pij = ¢s min( ===,
Gret |9

1). ®)

skipped where the move would leave {—1,0,1}; gret = 3,
flip rate ¢, < 0.02 (its own schedule, not TTF’s step
scale p,). Away from the cap, E[At;;] = —¢sgi;/(gretlg]):
SGD on the trits in expectation, with no state beyond
the trits. Table 20 gives the variants. In this phase the
float tail used a learning rate of 3e-4 and, through a bug
found later, the norm gains were not trained; master in
the same configuration reached 2.759.

e The plateau was the rule, not the gradient
noise. With a constant rate the loss sat at 4.91
whatever was varied: a 4x batch (fewer steps) or
33% more tokens moved it by less than 0.03. The
per-batch gradient was not noise-dominated (sign
agreement 66% between batches, cosine 0.54). Be-
cause p is normalised by the layer’s own mean, the
flip share stayed at 0.42% per step from start to end:
the rule cannot stop moving.

e Annealing the rate to zero was the one lever
(—0.32). The late gain came from flipping stopping:
holding a small floor instead of reaching zero lost
0.05, and the two runs separated exactly where the
cosine’s rate collapsed.

e An absolute threshold (the denominator frozen
after warmup) made the flip rate rise, not fall (0.58%
— 0.92% per step): gradients grow relative to their
size at initialisation.

e Why it fails. Every move is a whole level decided
on one batch. Where the per-batch signal is weak



Table 20: Stochastic flips from the gradient (110M, 300M tokens, 32768 tokens per step; training-time loss, the

earlier configuration; master in this configuration 2.759)

variant final
constant flip rate 0.02 4911
4x batch (same tokens, 2288 steps) / + 100M tokens 4.942 / 4.909
flip rate annealed to 0, cosine 4.591
linear 4.619
cosine to a floor (flip share 0.02% per step at the end) 4.644
cosine stretched over 600M tokens 4.530
+ per-weight lockout (at most one move per 200 steps) 4.631
+ spatial error feedback 5.050
+ look-ahead filter, one extra pass (at 202M tokens) 4.179
threshold denominator frozen after 200 steps (absolute scale) 5.079

per-row normalisation; small gradients first; hump-shaped p(|g|)

no gain (10M-token screens)

a move points the wrong way with probability near
%, and the trits do a random walk whose variance
grows with the number of moves; only stopping the
moves stops the walk. Twice the tokens bought only
0.06, so the gap to master (1.8 nats) was set by the
rule, not the data.

D.2 Stochastic flips from a low-rank mo-
mentum (the previous rule)

The same coin, driven by accumulated evidence instead
of one batch. Per layer:

e a momentum M ~ UV " of the raw gradient, M «+
bM + g, kept at rank r by the subspace iteration of
Section 4;

e a factored step S;; = M;;/\/R;C;/R with row and
column EMAs of g2 (decay 0.99);

e a sign gate: a move only where sign S;; = sign g;;;

e the flip probability of Appendix D.1 applied to S:
bij = ¢S min(‘SijV(grcf |S|), 1)7 ¢s warmed up to
0.02 over 30 steps and cosine-annealed to 0;

e dry friction: with b = 1, after each step all layers’
momenta are shrunk together, U, < fU, with f =
max(||M| — DG,0)/|M||, G a slow EMA of the
total gradient norm, D = 1/33; with the relative flip
rule this is a global decay that sets its own memory
(measured 220-390 steps over the run)

e a spend: after a move A, U «+ U + ¢|M| AV with
c=3.

From 24 September on, the float tail used AdamW at
1.5e-3 in fp32 with trained norm gains, as in the main
text; the float extras (row and column scales, rank-16
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adapter, head temperature) came in on 29-30 Septem-
ber. Table 21 is the path to its best result. On the
fixed windows of Appendix B, the rule at rank 512 (seed
2) scores 2.7973 / 3.7545 (Wikipedia / FineWeb-Edu),
against 2.7166 / 3.6830 for master + extras and 2.6888
/ 3.6453 for the first TTF (three seeds). At 340M it
reached 2.7246 against master’s 2.6626 (4+0.062); at 1.3B
2.7089 against 2.5868 (+0.122; +0.93 at step 1000, the
gap closing slowly).

Mechanisms tried on it. Table 22; “branch” runs
start from a mid-training checkpoint of the same rule.
Memory length was the lever: the gap to master fell
from 0.33 to 0.07 by lengthening the momentum’s mem-
ory from 33 to 200-400 steps (decay 0.97 — 0.995,
or dry friction), then raising the rank once the memory
was long. The measured reason: the gap sat in (previ-
ous token, target) pairs seen fewer than 10k times in
training; a pair seen 100 times recurs about every 120
steps, longer than a 33-step memory. A long memory
raised the momentum’s alignment with the gradient on
rare pairs (cosine +0.015 — +0.06-0.08), halved their
gap, and let the model form induction heads.

Look-ahead. Proposing moves A, computing the gra-
dient ¢’ at T'+ A on a fresh batch, and keeping a move
only if the midpoint slope still descends, A;(g; +g¢;) < 0,
was the first mechanism that made a momentum help
(rank-256 momentum: 3.127; with “sharp”, 2.993). It
costs one extra forward and backward pass per check,
and a batch of 48 sequences without look-ahead (the
same text read per step) matched it, so it was dropped,;
no number in the main text uses it.

Why the rule was replaced. Three things limited
it, and TTF removes each.



Table 21: The previous rule, building up (110M, 300M tokens, training-time; master 2.7513, master + extras 2.732,
full precision 2.683). Each row adds to the one above unless marked.

rule final
rank-256 momentum, decay 0.97, flip rate annealed 3.158
+ learned row and column scales 3.131
+ factored step and sign gate (two seeds) 3.077 / 3.070
+ rank-16 float adapter with weight decay, head temperature (“sharp”) 2.988

look-ahead x2 instead (three passes per step) 2.993
longer memory: decay 0.995 2.878
dry friction instead of a decay 2.881

+ spend 2.870
dry friction, rank 512 / full rank 2.836 / 2.820

dry friction 4+ spend, rank 512 / full rank

rank 32 / 64 / 128 / 256

2.8215 / 2.7998

3.137 / 3.040 / 2.950 / 2.870

Table 22: Mechanisms tried on the momentum rule (110M, training-time). Base: “sharp” (2.988) unless noted.

mechanism

what it does

final

momentum decay 0.97 / 0.99 / 0.995 / 0.998 / 1

dry friction D = 0.01 / 0.02 / 1/33 / 0.05 / 0.1

spend on decay 0.99 / 0.995 / 1

sign gate alone (row / column base 3.131)
a matched flip-rate cut instead

factored step alone (row / column base)

slow gate (rank-64 momentum, decay 0.999, must agree)
+ decay 0.99 / + decay 1 + spend

dry friction per weight (full rank, then back to rank r)

low-discrepancy dither instead of random draws

undo last step’s move where the gradient turns

slow speed reference for |S|

momentum norm cap + tanh probability on an absolute scale

asymmetric decay (faster where g opposes M)

several decays, the best predictor proposes (branch)

accumulate 33 steps, then flip the top entries (branch)

flip-rate controller on cos(g;, M;—1) (branch)

flip rate x2 (branch / from scratch)

learned online selector of proposals

per-weight target displacement (branch / scratch)

3-bit evidence counter per weight (branch)

drop g where the trit sits at the bound it pushes to

subspace refresh from the gradient’s residual

rule tweaks on the best rule (undo, memory warm-up, faster firing
of saturated weights, per-weight v at full rank)

memory length

self-set memory

consume the push after a move
veto moves the batch disagrees with
is the gate only fewer moves?
normalise per row and column
second timescale as a veto

per-entry memory

less variance in the coin
reversals

stable normalisation
absolute evidence scale
quick reversal

choose the memory
batch the moves
adaptive rate

fewer moves

keep moves later gradients confirm
a latent by another name
small per-weight state
no pushing into the wall
new directions

2.988 / 2.911 / 2.878 / 2.891 / 3.047
2.956 / 2.897 / 2.881 / 2.888 / 3.003
2.903 / 2.881 / 2.943
3.119 / 3.114

3.121

3.106

2.962

2.944 / 2.971

2.941

2.991

inert with the gate
3.132 (base 3.131)
3.217

3.501

3.193

3.280

3.160

3.155 / 3.193

3.366 (stopped)

3.12 / 3.51-3.58
3.097

+0.1 at 12M tokens
no gain (20M screen)
2.802-2.836

(base 2.800 / 2.822)

e A relative probability. |S|/|S| has no absolute
amount of evidence that a move needs; the flip rate
is a second schedule to tune, and a global rescale of
the evidence changes nothing.

ter’s state survived, so the moves, not the missing
latent, undid it.

The stochastic coin also differs from a threshold in how it
rounds. With a threshold and spend, A + 0t changes by
exactly the integrated step, so the trits are the integrated
step rounded with an error below one level that never
accumulates (error feedback). The coin keeps the mean
but its rounding error is a random walk. The ablation
of Section 3 was run to find what the rule lacked; the
first threshold rule built from it, with a rank-512 short
momentum in front of a leaky rank-512 accumulator,
reached 2.7067 at p = 0.5 (Table 23).

e A rate-limited move. Even certain evidence
moves a trit with probability at most 0.02 per step,
about 50 steps late. In master the same lag alone
costs +0.77 (Table 3).

e One timescale for two jobs. One long momen-
tum served as both the direction (master: 10 steps)
and the integrator (master: 1000 steps). Master
switched onto the rule mid-training lost its lead over
it within 250 steps; at a quarter of the flip rate mas-
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Table 23: The first threshold rules (2 October; 110M,
training-time, with a short momentum, 8 = 16, step
exponent p, constant leak; master 2.7513, previous rule
at rank 512 2.8215, at full rank 2.7998).

accumulator / momentum rank T D final vs master
full / full 1000 1 26982 —0.053
512 / 512 1000 0.5 2.7067 —0.045
512 / 512, leak annealed 1000 1 27115 —0.040
512 / full 1000 1 27203 —0.031
512 / 512 1000 1 27328 —0.019
512 / 512 300 1 2.8054 +0.054
512 / 128 1000 1 2.8561 +0.105
512 / 128 300 1 29415 +0.190

E Other TTF variants tried

Each block changes one thing against the reference
named in its caption; A is variant minus reference, so
negative is better. Training-time numbers of the same
seed share their windows; copies of one arm on different
machines differ by 0.001-0.002 and seeds by up to 0.005,
so differences below 0.005 are noise. “With momentum”
marks the 2-5 October recipe (a rank-r short momen-
tum in front of the accumulator, p = 0.5, constant leak),
before momentum was dropped.

Tunnelling makes the threshold a barrier: an entry
below 6 also moves, with probability exp(—«(1—|A|/6))
per step, spending . Its rate depends on |A|/6 only,
not on the step scale, so it keeps firing as the step falls:
at # = 16 it made 1.5x the base’s moves mid-run and
3.3x late, like an end step of 0.5. Raising 6 to match the
base’s move count did not recover the loss; where p = 1
freezes it is a weak anti-freeze, which the annealed leak
does better.

Where the step scale ends decides the final loss (about
0.3 is right); every shape that changed the mid-run step
was ahead or behind mid-run and gave it back by the
end. The interventions after step 6000 (late p, late
threshold, freezing) are in Section 8.2.

On the final recipe (no momentum) a smaller thresh-
old at low rank costs more the smaller it is: at a third of
the training (3052 steps, training-time validation) rank
64 ends at 3.2805 / 3.3593 / 3.6606 with 6 = 16 / 12
/ 8 and rank 128 at 3.1833 / 3.2338 / 3.4986; a larger
step does not buy back what a small state loses. What
does buy part of it back, on the same setting (rank 128,
a third of the training): an exact spend at moved en-
tries together with a float-tail learning rate of 3 x 1073
ends at 3.1354 (—0.048), and adding a sparse residual
(the largest 1% of what the projection drops, kept as
index and value and fed back the next step, 0.06 bytes
per weight) at 3.1310 (—0.052); the sparse residual alone
gives 3.1750 (—0.008). Rank 256 ends at 3.0992: the
two cheap changes close 57% of the distance to twice the
rank, for almost no memory. Only feeding the discarded
part of each step back in helped (—0.03), and only when
it was kept as a dense N x K matrix, more state than
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full rank: an upper-bound probe, not a memory saving
(its sketched version, the residual sketch, costs +0.088).
Nothing came near the next rank up (rank 512 is 0.18 /
0.29 ahead of ranks 128 / 64): what the basis discards
is a small part of what low rank loses. The dumps say
why: rank 64 loses where the evidence is, not only its
size. The threshold rescale makes rank 64 move as often
as rank 512, but only 2-16% of those moves are moves
full rank would make; a table chosen by the low-rank
values misses the entries that matter; a low-rank spend
removes 4-10% of 6 at a moved entry and leaks into un-
moved ones. Per step the basis update keeps 85% of the
new step at rank 512, 66-70% at 128 and 54-58% at
64. State sharing trades memory for quality at about
the per-layer rate. More compute does buy back rank:
on FineWeb-Edu, rank 128 at 1x / 2x / 4x the tokens
ends at 3.4156 / 3.2747 / 3.1793 against 3.2265 for rank
512 at 1x (about 2.8x the compute to match), rank 64
at 3.5391 / 3.4105 / 3.3090 (about 8x, extrapolated).

F The micro-batch update

With M micro-batches per step, micro-batch ¢ gives the
gradient g; of its share of the loss, so the batch’s gradient
is g =, 9;. TTF never forms g; per layer, within one
step:

e Momentum (rank r;):
1 1/M
m < f3;

after each micro-batch,
Mo 4 (1 = 5y"7")g: by the subspace itera-
tion of Section 4, so a step’s M micro-steps forget

as much as one step of 8. The normalised step uses
M rn (each g; carries 1/M of the loss).

e Second moment of the batch. The row means
of g2 are

Z gz Zgzr

Pi = Zj<igj7

and the same for columns. The squares are row and
column sums of each g2. The cross terms need the
running sum P;, which is dense; it is kept only as a
sketch, P;S with a random K x k map S, E[SST] =
Ia SO Zc(gi)TC(Pi)TC ~ ((gis) © (PZS))T]' (unbiased;
k(N + K) numbers held within the step, £ = 64).
S is new every step, so its errors are independent
across steps and the EMA of v averages them. The
estimate is floored at ﬁ >, g7 against sketch noise,
and v steps once per step with (5.

ZZ 9i)re

Z rcy

e Accumulator, firing, spend: once per step, after
the last micro-batch, as without micro-batches.

Without the cross terms (the micro-batches’ squares
alone) v is too large and lags the batch while gradients
shrink: 40.19 at 300 steps. With them, logged against
the dense batch path for 1000 steps at 110M (4 x 4), the



Table 24: Recipe settings (110M, the recipe without momentum at p = 0.5, before p = 0.75 was adopted, training-
time). Reference: rank 192, 2.7940, or rank 512, 2.6896 (marked).

setting (default)

spend 0.5 / 0.75 / 1.25 / 1.5 (1)

B85 0.9 / 0.99 / 0.999 (0.95)

012 / 20 (16)

7 2000 (1000)

float-tail learning rate le-3 / 2e-3 / 3e-3 (1.5¢-3)

float-tail weight decay 0.03 / 0.3 (0.1)

warmup 100 / 1000 steps (305)

batch 8 / 32 at the same tokens, 7 scaled (16)

batch 32 at 340M, fixed windows Wikipedia / FineWeb-Edu

batch 64 (same tokens): cost per halving, rank 64 — 256, Wikipedia

boost plane (W =T + 0.5 8B, B a second trit set by evidence past +1), fixed windows
noise-set bar max(8,4rms(A)), rank 128, a third of the run (runs away to ~91; trits freeze)
the same bar measured once (100 steps of evidence without moves, then fixed; mean 27)

A

+0.009 / 40.001 / +0.002 / +0.003
~0.003 / +0.038 / 40.169
+0.012 / 40.032

—0.002

+0.014 / —0.003 / 40.002
+0.001 / 40.001

+0.018 / 40.007

+0.034 / 40.064

+0.014 / +0.014

0.099 (batch 16: 0.103)
—0.005 / +0.003

+0.637

+0.069

Table 25: Step and leak schedules (110M). Upper block: fixed windows, reference p = 0.5 (rank 512 2.6720, rank 192
2.7748). Lower blocks: training-time, reference rank 512 2.6896 / rank 192 2.7940 / rank 64 2.9795. “End” is the

step scale at the last step.

schedule rank 512 rank 192
p=0.25 -+0.076 +0.052*
p = 0.75 (constant leak) —+0.005 +0.015*
p=1 +0.025 +0.039
7 = 2000 -+0.009

leak annealed with the step (p = 0.5) +0.011 -+0.003

threshold rising over training 12 — 18 / 10 — 20

+0.017 / +0.036  +0.009 / +0.024

p =15/ 2 (late in training, not final)

+0.040 / +0.07

p =1 at rank 64 +0.019
floor on the step scale, end 0.5 (p =1/ p=10.5) +0.064 / +0.050
floor, end 0.4 (p = 0.5) +0.013 +0.003
floor, end 0.3 (p = 0.75) +0.002
full step to 4000, cosine to 0.32 / 0.5 —0.002 / 4+0.040 —0.004
full step to 5000, cosine to 0.2 +0.008
sudden tanh drop at 2500 to 0.32 / 0.5 +0.068 / +0.079
p=1,no leak (vs p=1) +0.009
p =1, spend table (vs p=1) +0.010

leak a?/7 (memory 7/a?), p=1/p=0.75 (vs leak a/7)

+0.002 / +0.005

tunnelling k = 16 at 6 16 / 22 / 28 (fixed windows vs 2.6720)

6 28, a tunnelled move spends |A| / attempts X p,

tunnelling k =32, p=1 (vsp=1) / p=1 + annealed leak (vs no k)

+0.059 / +0.019 / +0.029
+0.029 / 40.031
—0.006 / —0.002

* training-time, against 2.7940.

normalised step agrees to cosine 0.996-0.999 with norm
ratio 1.000-1.002; the sketch size k = 8 / 32 / 128 gives
5.278 / 5.193 / 5.186 at 300 steps (64 is the default); af-
ter 1000 steps the micro-batch run scores 3.6078 against
3.6126 for batch 16 in one pass (974 fixed windows), with
peak memory 1.65 against 3.75 GiB.

Without momentum. In the final recipe the nor-
malised gradient enters the accumulator directly, so the
step needs a second moment before the batch’s is known.
Micro-batch i uses ¥; = Badi—1 + (1 — B2) M? g2 (fac-
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tored, rows and columns; 9;_; bias-corrected) and w;
—a g;/v/7;. The previous step’s v alone is not enough: a
gradient spike then gives an unbounded step, and a test
run lost 6% of its trits in a burst at steps 50-60 (5.64
against 4.42 after 600 steps); the micro-batch’s own term
bounds it as in Adam. The leak is applied once per step
(before the first micro-batch) and firing and spend once
(after the last). Within a step the basis V' is held fixed
and U < U +wu,;V; after the last micro-batch V' is turned
once by the subspace iteration, with the step’s cross term
(3", ui) U read from the k-row sketch of Y, g; that v
keeps anyway. Our first implementation used M u,U



Table 26: Low-rank mechanisms (110M, with momentum, training-time; references rank 64 2.9929, rank 128 2.8837,
rank 512 2.7067). Moves per weight over the run in brackets where measured.

mechanism what it tests rank 128 rank 64
threshold rescaled by the energy the projection drops is it only magnitude? +0.012 +0.013
threshold 11 / 8 +0.055 / +0.144  +0.054 / +0.111
float-tail learning rate 3e-3 —0.015 —0.026
per-type rank in proportion to input width, same state  the narrow down basis +0.001 +0.010
discarded part kept densely (N x K) and fed back upper bound: what the basis drops —0.031 —0.026
random sketch of the step in the basis update new directions +0.170 +0.142
basis refresh from the step’s residual new directions +0.004 +0.008
exact table of the top 2% entries keep the big entries exactly —0.004
exact spend at moved entries a spend that does not leak —0.011 —0.001
spend table / locator table (count sketch) find the heavy entries -+0.008 / 0.000
residual sketch merged into the accumulator keep what the basis drops +0.088
2x 2 tiles, one basis each local bases +0.029

rank 64 — 128 / 128 — 64 over training
rank 512 — 64 over training
gate on this batch’s gradient sign
per-weight 3-bit sign counter, K 1 / 2
sparse trit initialisation, 10% / 2% nonzero
10%, rank 512
trit decay to 0 at weak evidence, P le-4 / 3e-4
k and v projections at rank 128 (rest 512)
one basis shared by momentum and accumulator
one global basis per shape, rank 512 (64% of the state)
fused q/k/v and gate/up, rank 512 / 128 (84%)
momentum rank 128 / 256 under accumulator rank 512
no short momentum
Kronecker-product accumulator (offline)

more rank late or early
veto wrong moves

are unmoved trits noise?
ternary weight decay
per-type rank

state sharing

state sharing
state sharing

other factorisations

+0.059 / +0.031
—0.215 (2.7777)
+0.001
+0.001 / +0.002
+0.052 / +0.102
+0.071
+0.035 / +0.085
+0.025 vs rank 512
+0.049 vs rank 512
+0.044 (—0.011 at equal memory)
+0.013 / +0.034
+0.049 / +0.048
—0.026 —0.021
energy kept 0.10-0.29 vs 0.50

Table 27: Storage and speed options (110M, training-time). Reference: rank 512 with momentum 2.7067 (upper) or

the p = 0.5 recipe without momentum 2.6896 (lower).

option

A

momentum int8, accumulator int8 (nearest) / accumulator int8 (factor V)
momentum int8 or fp8, accumulator fpl6 (seed 2, fixed windows)

accumulator 4-bit mantissa / direction int4

+0.009 / +0.011
+0.001 / +0.001
+0.052 / =~ 40.5 (stopped)

basis every 4 steps, deferred one step, int8 forward, fused (full run) +0.065
TF32 matrix products +0.0005
shifted Cholesky-QR3, worst-case shift / shift 107> / 107 of the trace +0.014 / —0.0014 / —0.0006
Newton—Schulz orthogonalisation + Cholesky-QR2 —0.0006

fewer full-size passes and in-place packed update (with worst-case shift)

+0.012 (path itself neutral)

from the last micro-batch instead; the sketched sum
is ahead on the 0.8B conversion of the companion pa-
per (Wikipedia 2.9478 against 2.9536 after 1000 steps).
Turning V' after every micro-batch was ahead at 110M
with four micro-batches (4.3852 against 4.4146 after 600
steps; dense 4 x 4 batch: 4.4237; one pass of 16: 4.4315;
training-time), but at 0.8B with 16 micro-batches of one
sequence it trains worse (training loss +0.08 over steps
300-576, Wikipedia 3.1398 against 3.0352 at step 500,
with twice the moves): each micro-batch’s noise turns
the rank-r basis, and every turn truncates the accumu-
lator. Keeping the step’s mass outside V as well, esti-
mated from k = 256 sketches of ), g;, made the moves
run away at 0.8B: the sketch noise is about /K /k times
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the signal (K up to 3584), and the share of trits moving
per step rose from 10~ to 6% within 100 steps. Over the
full schedule (4 x 4, fixed basis) the run ends at 2.6733 /
3.6242 against 2.6728 / 3.6226 for one pass, at 3.1 against
7.4 GiB.

G Index of mechanisms and re-
sults

Every mechanism we built or tested, with its result. Ear-
lier phases are tabulated in Appendices D (stateless flips,
the momentum rule, the first threshold rules) and E
(one-change TTF variants), the master ablation in Ta-



Table 28: 1.3B branches from step 2000 of TTF rank 512 without momentum (p = 0.5, annealed leak; fixed windows

2.5012 / 3.4415), and the continued runs.

variant Wikipedia FineWeb-Edu
threshold rising 10 — 20 —0.009 —0.009
constant leak —0.005 —0.004
p=1 +0.012 +0.020
p =1, floor 0.3 +0.005 +0.012
with momentum (from scratch) +0.011 +0.016

both methods continued at their final learning rate to 18310 steps (with momentum, Ir 7.5e-4):
gap to master + extras 0.054 at 9155 steps — 0.026 at 18310 (training-time)

ble 3; this appendix lists the rest and points to where
each is discussed. 110M, Wikipedia, one seed unless
noted; “fixed” marks the fixed windows of Appendix B
(Wikipedia / FineWeb-Edu), otherwise training-time
validation; a third of the training means 3052 steps.

H Threats to validity

e Seed luck. Three TTF seeds at 110M span 0.0018,
three master seeds 0.0021; the TTF-master gap
is more than ten times that and 97% of windows
favour TTF.

e Tuned on the test set. Settings were chosen on
Wikipedia validation; on FineWeb-Edu, never used,
the lead is larger.

e A weak master. Learning rate swept at 110M
(the best is used) and at 340M, 1.3B and 2.9B (two
or three values each); BitNet’s two-stage learning
rate and weight-decay schedule gave master no gain
(2.7577 / 2.8153 vs 2.7513); master gets the same
float extras.

e The extras do the work. They are worth about
0.02 to either method; TTF without any of them
(2.6907) is ahead of master with all of them (2.7166)
(Section 10).

e The kernels compute something else. 69
checks against dense references; the network eval-
uated is exactly ternary in both methods.

e The optimizer sees more. Same batches for the
same seed, no validation data, no look-ahead.

e Simulated storage. Stored int8 / fpl6 / 12-bit
codes are bitwise equal to the simulation on CPU
and match its loss.

e Clipping differs. Master clips the global norm
including latents; TTF’s step is scale-free and its
ternary gradients are not clipped. Clipping mas-
ter’s float tail only, as TTF does, changes nothing
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at 110M (2.7186 vs 2.7166 on Wikipedia, 3.6881 vs
3.6830 on FineWeb-Edu; within the seed noise).

e Token budgets are small (300M-600M); no run is

compute-optimal at 340M and above.



Table 29: Mechanisms added to TTF after the final recipe (110M unless noted).

mechanism setting result where
no short momentum u = —g/+/v straight into the accumula- —0.017 to —0.019 at rank 512 §4.5
tor (training-time); half the state
micro-batch update 4 x 4, no dense gradient 2.6733 / 3.6242 vs 2.6728 / App.F
3.6226; 3.1 vs 7.4 GiB
precision for rank rank 340, 12-bit accumulator, at rank 2.7086 vs 2.8410 (fixed) §7.1
128’s fp32 bytes
per-layer adaptive rank 340M, rank-256 budget 2.6121 vs 2.6246 fixed rank §7.1
256 (fixed)
rank growing over training 512 — 768 / 340M 128 — 384 what the average rank buys §7.1
shorter memory at low rank rank 128, 7 = 300 +0.060 / +0.073 (fixed) §7.1
lower threshold at low rank ranks 64 / 128, ¢ 12 / 8, a third of the +0.079 / +0.380; +0.051 / App. E
training +0.315
exact spend + float-tail Ir 3e-3  rank 128, a third of the training 3.1354 vs 3.1833 (—0.048) App. E
sparse residual (top 1% of alone / with the above —0.008 / —0.052 App. E
what the projection drops)
cost-aware fire bar bar 6 (y/v/median), clamped to [1,4]6; +0.018 here
rank 128, a third
boost plane second trit plane B, W =T+ 0.55B —0.005 / 40.003 (fixed) App. E
noise-set threshold, every step max(8,4rms(A)), rank 128, a third +0.637 (bar runs away to App.E
~91)
noise-set threshold, measured 100 steps without moves, then fixed +0.069 App. E
once (mean 27)
batch 64 at the same tokens ranks 64 / 256 / full cost per halving 0.099 (batch App. E
16: 0.103)
rank 704 (0.92 of the width) a third of the training 3.0128 vs 3.0339 (512), 3.0107 §7
(full)
340M ranks 512 / 896 / full a third of the training 2.9215 / 2.8869 / 2.8787 §7
exact spend at rank 512 a third of the training 3.0321 vs 3.0339 §7
no float extras / row and col- 2.6907 / 2.6794 (fixed) §10
umn scales only
ternary embedding, tied / un- same width as the float one 2.8106 / 2.8273 (fixed) §10
tied with head
wide ternary embedding 20x wider table 4 ternary projection, 2.7265 / 3.6832 (fixed) §10
fp32’s bytes
all-ternary model wide embedding + the rank-16 adapters 2.7343 / 3.6885 (fixed) §10
as ternary factors at fp32’s bytes (rank
320)
multiplicative adapter W =BT o (14 ABT), rank 16, in place 2.6812 / 3.6315 vs 2.6728 / here
of the additive one, final recipe 3.6226 (fixed): no gain
mixture of experts 8 ternary experts of hidden 1024, top 2, 3.1213 (fixed 3.0865); dense §15
rank 128, a third 3.1833
at the matching rank rank 320 (dense TTF level with master 3.0235 (fixed 2.9901) here
there at full length)
master ternary experts with latents 3.0111 (fixed 2.9780) here
dense counterparts, rank a third fixed 3.0531 / 3.0434 §15
320 / master
data parallel all-reduce of g (or its factors) before the packed trits identical at every —§11
update; 2 processes, 2 machines, 27B on  check; 27B 27.8 / 18.7 s per
2 / 4 GPUs step on 2 / 4 RTX 4090
pipeline parallel contiguous decoder-layer stages, hidden two-stage test identical to §11

states cross; merged checkpoints

1075; 27B 19.0 s per step on 4
RTX 4090, losses as one GPU
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Table 30: Schedules and continued training (110M rank 512, final recipe unless noted).

schedule setting result where

600M tokens, FineWeb-Edu each with its own cosine TTF 3.0423 vs master + extras §6
3.0982 (fixed FW)

WSD, 20% decay, 600M decay branches at 4578 / 9155 / TTF —0.021 / —0.002 / +0.007 §6

18310 vs master

WSD, 20%  decay, 300M TTF +0.035, master —0.018 vs §6

(Wikipedia) their cosines (fixed)

WSD, 50% decay, 300M 2.6694 / 3.6118 vs cosine 2.6728 §6

(Wikipedia) / 3.6226 (fixed)

re-warm  to the peak, then decayed 9155-step model, 18310 new data —0.032, old data §6

FineWeb-Edu steps +0.026 vs master

re-warm to half the peak new data 3.0476 / old 3.3055 (full here
re-warm 3.0898 / 3.2670)

budgets 1000-9155 steps own cosine each gap +0.029 (1000) to —0.043 §8.2
(9155)

late interventions p, threshold, freezing after step 6000 none beats the base §8.2

Table 31: Master-side variants (110M, training-time; master 2.751, master 4 extras 2.732).

variant result where

snap the latent to its trit after a change / 2.823 / 2.8066 §3

+ momentum reset at changed trits

f1~0/ B ~0+ snap 2.8259 / 2.7196 §3

clip the float tail only (latents unclipped) 2.7363 (no effect) here

learning rate 7.5e-4 / 3e-3 / 6e-3 (1.5e-3)  2.7785 / 2.8136 / diverged §5

BitNet-style two-stage schedule 2.7577 85

latent stored at 4 / 3 / 2 bits (branch at 2.9231 / 3.1222 / 3.4686 here

131M tokens)

low-rank Adam STE, rank 512, Ir 5e-4 / 2.9051 / 3.0202 (fixed 2.8867 at the best  §6.2

2.5e-4 Ir)

ternary Bop, best 7 3.089 §5
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